Archives of

Current Research
International

Archives of Current Research International

20(2): 58-69, 2020; Article no.ACRI.56068
[ ISSN: 2454-7077

Closed Formulas for the Sums of Cubes of Generalized
Fibonacci Numbers: Closed Formulas of >_;_ W} and

2ok W2

Yiiksel Soykan'’

1 Department of Mathematics, Faculty of Art and Science, Zonguldak Biilent Ecevit University,
67100, Zonguldak, Turkey.

Author’s contribution

The sole author designed, analyzed, interpreted and prepared the manuscript.

Article Information

DOI: 10.9734/ACRI/2020/v20i230177

Editor(s):

(1) Dr. Wang Mingyu, Central South University, China.

Reviewers:

(1) Josimar da Silva Rocha, Universidade Tecnoldgica Federal do Parand, Brazil.
(2) Zhaolin Jiang, Linyi University, China.

Complete Peer review History: http://www.sdiarticle4.com/review-history/56068

Received 02 February 2020
Accepted 07 April 2020
Original Research Article Published 15 April 2020

ABSTRACT

In this paper, closed forms of the sum formulas for the cubes of generalized Fibonacci numbers are
presented. As special cases, we give summation formulas of Fibonacci, Lucas, Pell, Pell-Lucas,
Jacobsthal and Jacobsthal-Lucas numbers.
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1 INTRODUCTION problem, introduced by Leonardo de Pisa in 1202

in his book called Liber Abaci. The Fibonacci and
Lucas sequences are a source of many nice and

The Fibonacci and Lucas sequences are very interesting identities. The sequence of Fibonacci
well-known examples of second order recurrence  numbers {F,} is defined by

sequences. The Fibonacci numbers are perhaps
most famous for appearing in the rabbit breeding  F,, = Fro-1 + Fr2, n>2, Fy =0, F; = 1.
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and the sequence of Lucas numbers {L,} is
defined by

Ln :Ln—1+Ln—27 7'L22, L0:2, L1 =1.

The Fibonacci numbers, Lucas numbers and
their generalizations have many interesting
properties and applications to almost every
field. Horadam [1] defined a generalization
of Fibonacci sequence, that is, he defined
a second-order linear recurrence sequence
{Wn(Wo, Wh;r,s)}, or simply {W,}, as follows:

Wy =rWp_1 +sW,_2; Wo=a, Wi =b, (n2>2) (1.1)

where Wy, W, are arbitrary complex numbers
and r, s are real numbers, see also Horadam [2],

numbers {W, (a, b; r, s)} are also called Horadam
numbers. The sequence {W,}.>o can be
extended to negative subscripts by defining

r

1
Wy =—=W_ne1) + =W_(n-
§ V1) T T Wo(n2)

for n 1,2,3,... when s # 0. Therefore,
recurrence (1.1) holds for all integer n.

For some specific values of a,b,r and s, it
is worth presenting these special Horadam
numbers in a table as a specific name. In
literature, for example, the following names and
notations (see Table 1) are used for the special

[3] and [4]. Now these generalized Fibonacci cases of r, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences

Name of sequence Notation: W, (a, b;r, s) OEIS: [5]
Fibonacci F, = W,(0,1;1,1) A000045
Lucas L, =W,(2,1;1,1) A000032

Pell P, =W,(0,1;2,1) A000129
Pell-Lucas Qn =Wn(2,2;2,1) A002203
Jacobsthal Jn = Wy(0,1;1,2) A001045
Jacobsthal-Lucas Jn = Wn(2,1;1,2) A014551

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples

are
n
Sr
k=0

1
5(*F2+2 - 3FS+1 + 3F3+2Fn+1 +1)

and
L 1 ) )
> pl= H(—2133+2 —16P2, + 9P 3 Pui1 — 3P 1 Poio +2).
k=0
In this work, we derive expressions for sums of third powers of generalized Fibonacci numbers. We
present some works on sum formulas of powers of the numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers

Name of sequence
Generalized Fibonacci
Generalized Tribonacci
Generalized Tetranacci

sums of second powers
[6,7,8,9,10,11]
[17]
[18,19]

sums of third powers
[12,13]

sums of powers
[14,15,16]

2 SUM FORMULAS OF GENERALIZED FIBONACCI NUMBERS
WITH POSITIVE SUBSCRIPTS

The following theorem presents some summing formulas of generalized Fibonacci numbers with
positive subscripts.

Theorem 2.1. Forn > 0 we have the following formulas: If (r +s — 1)(rs — s* + 1)(r +s —rs +1r> +
52 +1) # 0 then

59



Soykan; ACRI, 20(2): 58-69, 2020; Article no.ACRI.56068

(a)
s Aq
WP =
(r+s=1)(rs—s*+1)(r+s—rs+r2+s2+1)

B
I
o

where
Ay = 7(53+27‘57l)WS+27(r4s+3r2527r3s3+2r5+r3+5371)wg+1
+3rs(r + 52)W3+2Wn+1 — 3rs? (rs —1) WZ+1Wn+2 + (2rs + s3 — I)Wi3

+(7‘4s + 3r2s% — 33 + 2rs + r3 + 3 — 1)W()3 — 3rs(r + 32)W12W0 + 37‘52(7‘3 - 1)W§W14
(b)

AV
r+s—1(rs—s3+1)(r+s—rs+r2+s2+1)

ZW;?Wk+1 = (

k=0
where
3 3 3 3 3 2
Ay = —r(rs—1)Woio—rs" (rs— L)Wy 1 +s@2r” —s" + D)Wy oWhi
7(727'54 + ris + 27rs + 3 + 3= 1)W3+1Wn+2 +r(rs—1) Wf

+'r53 (rs — 1) Wg’ — 3(27‘3 —s3 + 1)W12W0 + (727\94 + ris + 27rs + r3 + 3 — 1)W02W1.
(c)

As
r+s—1rs—s3+1)(r+s—rs+r2+s2+1)

D WiaWi = ¢

k=0
where

Az = r(r+Woa+rs*(r+ Wi — (3r°s” +7° +5° = )W2 o Whi
+5%(2r% — * + DW2  Whgo — r(r + S)WP — 18 (r + s*)W§
+(3r2%s” + 1% + 8 — DWW, — 2 (2r® — s* + D)WW,
Proof. Using the recurrence relation

Wn+2 = TWTLJrl + SWn

i.e.
SWn = Wn+2 - TWn+1
we obtain
SSWS = 2+2 - 3TW3+2W71+1 + 3T2W3+1Wn+2 - 7’3W3+1
and so
SWE = W2 —3rWE oW1 + 3 W2 Wage — Wiy
SWE_y = Wi —3rWi W + 3 Wi W — r° W,
SW3_, = W2 =3rW2Who1 + 302 W2_ W, — P W2_,
SWE = WP —3rWiWs + 3 WiWy — 2 W3
SWP = W3 = 3rWiWs + 3 WiWs — 3 W3
SWE = W3 = 3rWiWy + 3r?WiWs — 3 W}
If we add the above equations by side by, we get
s3 i wg = (Wj+2 + W3+1 - WP - Wy + i WE) = 3r(W2 s Wyy1 — WEWo + i W2 W) (2.1)
k=0 k=0 k=0

n n

2..2 2 2 2 3 3 3 3

+3r2 (W2 Wago — WEWL + > WeWgepq) — r2 (Wi, — Wo + > Wi).
k=0 k=0
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Next we calculate >°_, W2, W;. Again, using the recurrence relation

Wn+2 = 71VVn+1 + SWn

l.e.
sWy = Wi — Wi
we obtain
SW2 W = W2 Wiys — rWoL,
and so
sWiaWo = Wi Wage —rWin
SWEWp_1 = WiWagr — W3
sSWa i Wna = Wi W, —rWa_,
sSWiWe = WiW, —rWs
sSWaWy, = WiWs —rWs
sSWiW, = WiW, — rWi

If we add the above equations by side by, we get
s WiaiWe = (Wi Waga = WeW1 4 WilWiaa) —r(Wip = W5+ Wi, (22)
k=0 k=0 k=0
Next we calculate "7 _, WZWii1. Again, using the recurrence relation

Wn+2 = TWn+1 + sWp,

l.e.
W = Whio — Wit = W2 = W2 +r° W2 — 2rWa oW
we obtain
SWiaWni1 = WiaWain + 12 Wiy — 2kWE (i Wis
and so
SWiWni1 = Wi oW + Wiy — 20Wi i Wy
SWE_Wn = Wi Wy + W — 2rW2Waia
SWE_War = WiWa 1+ Wi —20W2_ W,
SSWEWs = WiWs +r*Wi — 2rWiw,
SWiWe = WEiWa 4+ W5 — 2rW3Ws
SWeWr = WiWi+ Wi — 2rWiWs

If we add the above equations by side by, we get

s° Z WiWipr = (WepoWai — Wil + Z Wi Wa) + 72 (Wi — W5 + Z Wi)(2.3)

k=0 k=0 k=0

—2r(W 1 Waga = WoWi + > WiWipr).
k=0

Then, solving the system (2.1)-(2.2)-(2.3), the required results of (a),(b) and (c) follow.
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Taking r = s = 1 in Theorem 2.1 (a) and (b), we obtain the following proposition.

Proposition 2.1. Ifr = s = 1 then forn > 0 we have the following formulas:

(@) Yr o Wi = 5(—Wiis = 3Wpiy +3WeoWay1 + WP + 3W5 — 3WEWL).

(b) S r o WiWii1 = $(WiioaWani1 — W Wayo — WiWo + WEWh).

(€ > W13+1Wk = %(WS+2 +W3+1 —2W3+2Wn+1 +W3+1Wn+2 — W —WE42WEiW, — W()2W1)

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with F, =0, F; = 1).

Corollary 2.2. Forn > 0, Fibonacci numbers have the following properties:
@ >p o Fp=2(—F}o—3F} 1 +3F 2F1 +1).

(b) Yo FiFut1 = 5(FiiaFay1 — FipiFoya).

(©) S o FiviFe=3(Fl o+ Foy1 —2F2 oF g1+ Fry Fops — 1).

Taking W,, = L,, with Lo = 2, L; = 1 in the last proposition, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 2.3. Forn > 0, Lucas numbers have the following properties:
(@ >r_oLi=3(—Liyo— 3L 1 +3L5 2Lnt1 +19).

(b) Yo LiLit1 = 5(Lii2Lntr — Ly Ltz + 2).

(c) ZZ:O Li+1Lk = %(L§z+2 + Li+1 — 2Li+2Ln+1 + L%+1Ln+2 -9).

Taking r = 2,s = 1 in Theorem 2.1 (a) and (b), we obtain the following proposition.

Proposition 2.2. Ifr = 2,s = 1 then forn > 0 we have the following formulas:

(@ Sp_ Wi =L (—2W3 o —16Wa ) +9W2 oWt — 3W3p Wiga +2W7 + 16W5 — IWT Wy +

14

3WEWL).

(b) > iy ngWkH = G (—Wiio = Wiy +8W oW — 12W, i Wago + WE + WE — 8WEW, +
12W5Wh).

(©) Sr o W2 aWi = 5 (3Wa o —10W2, s W1 +3Wiy  +8W2,  Wigo —3WF —3W5 + 10WE W, —
SWEWh).

From the last proposition, we have the following corollary which gives sum formulas of Pell numbers
(take W,, = P,, with P, = 0, P, = 1).

Corollary 2.4. Forn > 0, Pell numbers have the following properties:

(@ Sp_ PP =&4(—2P3 s —16P3  +9P7 oPni1 — 3P 1 Pug2 + 2).
(b) >, PPy = ﬁ(*Pngz — P 48P} oPry1 — 12P Prya +1).
(€) > o PiviPe=15(3P} s — 10P7 9 Pny1 + 3P4 1 + 8Pn i1 Pz — 3).

Taking W,, = Q. with Qo = 2,Q1 = 2 in the last proposition, we have the following corollary which
presents sum formulas of Pell-Lucas numbers.

Corollary 2.5. Forn > 0, Pell-Lucas numbers have the following properties:

@ 7, Q=5 (—2Q%,, —16Q5 1 +9Q2 2Qni1 — 3Q% 11 Qn+2 + 96).
(b) Y r QiQrt1 = 15(—Qiia — Qo1 +8Q712Qni1 — 12Q7 11 Qny2 + 48).
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© > Qi-ﬂ@k = ﬁ(?’Qf’wz —10Q2  9Qnt1 +3Q3 11 + 8Q%, 1 Qni2 — 32).
Taking r = 1,s = 2 in Theorem 2.1 (a) and (b), we obtain the following proposition.

Proposition 2.3. Ifr = 1,s = 2 then forn > 0 we have the following formulas:
(@) >p_o Wi = (LW o+ 18W3 1 —30W, o Whg1 +12W,2 4 Wi o — 1IW — 18W3F 4+ 30W 7 Wo —
12WEWh).

(b) S r_ WiWii1 = 5 (Wi o +8Wi iy +10W3 oW1 — 18W Wi yo — W —8WG — 10WE W +
18WEWh).

(© S h oWiaWe = H(=5W2s — 40W, 1 + 20Wp o Way1 + 20W,7 1 Wi + 5WP + 4005 —
20WEWo — 20W5 Wh).

From the last theorem we have the following corollary which gives sum formulas of Jacobsthal
numbers (take W,, = J,, with Jo =0, J; = 1).

Corollary 2.6. Forn > 0, Jacobsthal numbers have the following properties:
@ Yo = & 11J3 0+ 18751 — 30Jn 0 dni1 + 12070 1 Jnga — 11).
(b) o Ji Tkt = 75 (Jnga + 8T 11 + 1005 1o Tni1 — 185 L1 Jng2 — 1).
(©) >or o Jisidr = 55 (=530 — 40J5 11 + 2007 4o dny1 + 20071 Jny2 + 5).

Taking W,, = j, with jo = 2, j1 = 1 in the last theorem, we have the following corollary which presents
sum formulas of Jacobsthal-Lucas numbers.

Corollary 2.7. Forn > 0, Jacobsthal-Lucas numbers have the following properties:
@ h_odi = 7 (LLinye + 185011 — 3047 yodin+1 + 1257 11 jns2 — 143).

(b) >, Jrjks1 = %(ﬁu& + 8j2+1 + 10j3+2jn+1 - 18j72L+1jn+2 —13).

(©) >h_odisiir = 75(—Bjnsa — 40jp 11 4 2047 1 2n+1 + 207 1 1jnt2 + 205).

3 SUM FORMULAS OF GENERALIZED FIBONACCI NUMBERS
WITH NEGATIVE SUBSCRIPTS

The following theorem presents some summing formulas of generalized Fibonacci numbers with
negative subscripts.

Theorem 3.1. Forn > 1 we have the following formulas:If (rs—s®*+1) (r+s—1) (r+s—rs+r’+s*+1) #
0 then

(a)
n
S, - 2
— (rs=s24+1)(r+s—1)(r+s—rs+r24+s2+1)
where
Ay = (2rs+53 —1)Win+1 +(r4s+3r252 — 3% ors 2 4 5% — l)WEn —3'rs('r+52)W371’+1W,n

+3rs? (rs = 1) W_p41 WE" — (2rs + s3 — 1)‘/\/'13

7(7“45 + 3,252 — p353 + 27rs + 3 + 3 = 1)Wé; + 3rs(r + 52)W12W0 — 3rs? (rs —1) W(?W].
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(b)
n As
W2 Wy = .
; R Tk (rs—s*+1)(r+s—1)(r+s—rs+r24+s2+1)
where
As = —r(r+sW2 0 —rP(r+ W2, + 3 +r° +° —1)W2, W,
=221 = * F V)W2 W i1 4+ r(r + 85)WE + 78" (r + s°) )Wy
—(3r°s* +1° + 5° — D)WWy + 8% (2r° — s* + )W W1.
(c)
n AG
W2, W_gp1 =
; R (rs=s24+1)(r+s—1)(r+s—rs+r24+s2+1)
where
Ag = r(rs— I)Win-f—l +rs® (rs — 1) Win 75(27"3 7s3+1)W3n+1W_n

+(—27‘s4 +rtst2rs+0r3 455 — I)WEnW,n+1 —r(rs—1) ng,

—rs (rs —1) Wg + 5(27'3 _s3 + 1)W12W0 — (727'54 + rs + 2rs + r3 + 3 — 1)W02W1.
Proof. Using the recurrence relation

T 1
W77L+2 = TW77L+]. +sW_pn = W_p = _gW77L+1 + EW77L+2

l.e.
sW_p =W_pnyo —rW_pi1
we obtain
SW2, = W30 = 3rW2, oW1 +3r° W2 Wi — W2,
and so
SW3, = W2 —3rW2 oW + 30 W2 Wy — W3
SW30 = W —3rW2 Wy + 3 W2, oW s — PP W2,
SW2o = Wy —3rW2 aWenys + 3 W2, sWe s — W2, s
SW2y = W2 —3rW2W_o +3r°W2,W_, — W3,
SW23, = W —=3rWeW_1 +3r° W2, Wo — r* W2,
SW3L = WP —3rWiWo + 3r>Wiw, — Wi

If we add the above equations by side by, we get

SS(Z W2,)
k=1

(W21 = W2 + WP+ WG+ > W) (3.1)
k=1

=3r(= W2 W + WEWo + > W2 W)

k=1

A3 (W2 W + W Wi + Y W2 W g4a)
k=1

(W2, + WG+ Y W),
k=1
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Next we calculate "), W2, ., W_j. Again using the recurrence relation

r 1
Wenso=rW_pnir +sW_p, = W_,, = —;W_n+1 + gW-nJ,-Q

sW_pn =W_pnio —mW_pnt

i.e.
we obtain
2
SW—n-ﬂ—len =
and so
2
SW7n+1W—n

2

SW2 oW
2

5W7n+3 W77L+2

sW2,W_s
sSW2 W_y
sWEW_1

If we add the above equations by side by, we get

2 3
—n+1W7n+2 - TW—n+1

2 3
W2 Wenia — W2,
2 3
W7n+2W—n+3 - TW7n+2
2 3
W7n+3W7n+4 - TW7n+3

W2, W_1 —rWw?3,
W2 Wy —rW?3,
Wiwy — rW§

$Y W2 W = (=W2, Wt + WeWa > W2 W ) —r (W2, + W5+ > W2,). (3.2)

k=1

k=1 k=1

Next we calculate 3~} _, W2, .1 W_j. Again using the recurrence relation

W7n+2 = TW*’I’LJrl + San

i.e.
3W7n - W7n+2 - er'nA»l
we obtain
SW2, = W20 —2W_ oWy +7°W2,
= W2 W = W2, oWt — 20W2 W e + 72 W2
and so
SW2 Wi = W2 oW — 20W2 W pio + 7 W2,
W2 aiWeonge = W2 sWeonio —20W2, oW s + 72 W2, 1
SW2 o aWonys = W2 aWonis —20W2 s W s + 72 W2, g
SW2,W_o = W2 W_o—2rW2,W_ 4+ W3,
SW2,W_1 = WEW_1 —2rW2 Wo +r2W?2,

SW2 W = WiWo — 2eWEWL + r*WE
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If we add the above equations by side by, we get

Y WEW k1 = (W2 W + WiWo + > W2 Wog) (3.3)

k=1 k=1

=2r (W2, W1 + WeW1 + > W2 W yp1)
k=1

A2 (W2 WS+ Y W),
k=1

Then, solving the system (3.1)-(3.2)-(3.3), the required results of (a),(b) and (c) follow.

Taking » = s = 1 in Theorem 3.1 (a) and (b), we obtain the following proposition.
Proposition 3.1. /fr = s =1 then forn > 1 we have the following formulas:

(@ >p_ W2 =2(W2, i +3W3, —3W2,  \W_,, — Wi — 3W§ + 3WiWo).

(b) 22212W3H1W_k =L(-W2 0 W2 4 2W2, W — W2, Wepr + WP+ WE —2WP W +
WO Wl)

(© i W2 Wiy = 2 (-W2, W + W2, W1 + WEWo — WEWL).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with F; =0, F; = 1).

Corollary 3.2. Forn > 1, Fibonacci numbers have the following properties.
@ >p_ FPp=5(F2, 1 +3F2, —3F2,  F_,—1).

(b) Sp_ F2 o Fop=3(-F%, - F3, +2F (\F_, — F2, F .1 +1).
(€ Yh F2hF g1 = 2(—F2 1 Fon + F2,F_npa).

Taking W,, = L, with Lo = 2, L; = 1 in the last proposition, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 3.3. Forn > 1, Lucas numbers have the following properties.

(@ >p_ L%, =33, +3L%, —3L%, 1L, — 19).

b) r L’ Lw=3(-L%, 1 — L%, +2L%, L — L2, L_ny1+9).

(€) r Ly Lopy1=3(—L2 1 Lon+ L2, L pny1 —2).

Taking » = 2,s = 1 in Theorem 3.1 (a) and (b), we obtain the following proposition.

Proposition 3.2. Ifr =2, s =1 then forn > 1 we have the following formulas:

(@ Sp W2 =5 @W3,  +16W2, — W2, W +3W2, W1 — 2W — 16W5 + 9WT W, —
3WEWL).

(b) S p W2 W = L (=3W2, 11 —3W2, + 10W2, W,y — 8W2, W_pny1 + 3WP + 3W5 —
LOWTWo + 8WGWh).

(€) S p W2 W_pqr = 55 (W2, i+ W2, —8W2, W+ 12W2, Wy — W — WG +8WT Wy —
12WEWh).

From the last proposition, we have the following corollary which gives sum formulas of Pell numbers
(take W, =P, with P() :O,Pl = 1)
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Corollary 3.4. Forn > 1, Pell numbers have the following properties.

(@ >, P’p=5@2P%, 1 +16P2, —9P2, P, +3P2,P_n41 —2).

(b) Y P2 Pk =5 (—3P%, 1 =3P, +10P2, \P_, —8P?,P_, 11 +3).
(€) Sp_ PPy =5 P+ P, —8P%, P, +12P% Py —1).

Taking W,, = Q. with Qo = 2,Q1 = 2 in the last proposition, we have the following corollary which
presents sum formulas of Pell-Lucas numbers.

Corollary 3.5. Forn > 1, Pell-Lucas numbers have the following properties.

(@ >, Q% = T14(2Q:in+1 +16Q°,, — 9Q2—n+1Q—n +3Q%,Q-nt1 — 96).
(b) 22:1 Q2—k+1Q*k = i(_3Qin+1 - SQin + 10Q27n+1Q7’n - 8Q2—nQ7'n+1 + 32)
(€ X1, Q%Q ki1 = 5(Q% 1 + Q% —8Q% 1 1Qn +12Q% Qi1 — 48).

Taking »r = 1, s = 2 in Theorem 3.1 (a),(b) and (c), we obtain the following proposition.

Proposition 3.3. Ifr = 1,s = 2 then forn > 1 we have the following formulas:

(@ Yoh W2, = S(—11W2,  —18W2, +30W2, |\ W_p, —12W2, W_,, 1 + 11IW +18W5 — 30W7

Wo + 12WGWh).

(b) Sp W2 W =5 BW2, 1 +40W2, —20W2,, W, — 20W2, W_p, 11 — 5WT — 40W5 +

20W7Wo + 20W3W7).
(€ Y h W2 W1 = o5 (=W2, 40 —8W2, — 10W2, Wy + 18W2, W_pyy + WP + 8W5 +
L0WEW, — 18WEW).

From the last proposition, we have the following corollary which gives sum formula of Jacobsthal
numbers (take W,, = J, with Jo =0, J1 = 1).

Corollary 3.6. Forn > 1, Jacobsthal numbers have the following properties:

@ Yo P =5(—1102 0 —18J2, + 3002 11 n — 1202,y + 11).
(b) Sr_ JPri1d—r = 552,01 +40J2, —20J2,, 1 —20J2,J_ny1 —5).

(€ S, Prudorsr = 5 (—J2 01 —8J2, — 1002 1 Jon + 1802, J i1 + 1).

Taking W,, = j, with jo = 2,51 = 1 in the last proposition, we have the following corollary which
presents sum formulas of Jacobsthal-Lucas numbers.

Corollary 3.7. Forn > 1, Jacobsthal-Lucas numbers have the following properties:

@ Yp 5% = & (—115% 0 — 1852, + 3052 150 — 12525 ni1 + 143).
(b) 3%y 32 ksrdok = 75(55%n41 + 4052, — 2052, 110 — 2052, j—nt1 — 205).
(©) Yri i hike1 = a5 (=52 ns1 — 852, — 1052 10 + 1852 5 ni1 + 13).

4 CONCLUSION sum identities were proved. The method used

in this paper can be used for the other linear
Recently, there have been so many studies of recurrence sequences, too. We have written sum
the sequences of numbers in the literature and identities in terms of the generalized Fibonacci

the sequences of numbers were widely used Sequence, and then we have presented the
in many research areas, such as architecture, _formL_JIas as SRGC'a' cases the corresponding
nature, art, physics and engineering. In this work, identity for the Fibonacci, Lucas, Pell, Pell-Lucas,
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Jacobsthal, Jacobsthal-Lucas numbers. All the
listed identities in the corollaries may be proved
by induction, but that method of proof gives no
clue about their discovery. We give the proofs
to indicate how these identities, in general, were
discovered.

We can summarize the sections as follows:

e Insection 1, we present some background
about generalized Fibonacci numbers.

In section 2, summation formulas have
been presented for the generalized
Fibonacci numbers  with  positive
subscripts. As special cases, summation
formulas of Fibonacci, Lucas, Pell, Pell-
Lucas, Jacobsthal, Jacobsthal-Lucas
numbers with positive subscripts have
been given.

In section 3, summation formulas have
been presented for the generalized
Fibonacci numbers  with  negative
subscripts. As special cases, summation
formulas of Fibonacci, Lucas, Pell, Pell-
Lucas, Jacobsthal, Jacobsthal-Lucas
numbers with negative subscripts have
been given.
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