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1 INTRODUCTION AND PRELIMINARIES

The main goal of our work is to define the generalized dual hyperbolic generalized Woodall numbers and give
some properties of them. First we recall information about hypercomplex number systems. The hypercomplex
number systems were studied by Kantor and Solodovnikov in 1989. These number systems are extensions of
real numbers. Some of the commutative ones of these number systems; complex numbers, hyperbolic (double,
split-complex) numbers (Sobczyk, 1995) and dual numbers (Fjelstad and Gal, 1998) are given below in order.

C = {z = a+ ib : a, b ∈ R, i2 = −1},
H = {h = a+ jb : a, b ∈ R, j2 = 1, j 6= ±1},
D = {d = a+ εb : a, b ∈ R, ε2 = 0, ε 6= 0}.

Some non-commutative examples of hypercomplex number systems are quaternions, (Hamilton, 1969),

HQ = {q = a0 + ia1 + ja2 + ka3 : a0, a1, a2, a3 ∈ R, i2 = j2 = k2 = ijk = −1},

octonions (Baez, 2002) and sedenions (Soykan, 2019b). The algebras C (complex numbers), HQ (quaternions),
O (octonions) and S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure
called the Cayley-Dickson Process. This doubling process can be extended beyond the sedenions to form what
are known as the 2n-ions (see for example (Biss et al., 2008), (Imaeda and Imaeda, 2000), (Moreno, 1998)).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) (Hamilton, 1969) as an extension
to the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848,
(Cockle, 1849). H. H. Cheng and S. Thompson (Cheng and Thompson, 1996) introduced dual numbers with
complex coefficients and called complex dual numbers. Akar, Yüce and Şahin (Akar et al., 2018) introduced dual
hyperbolic numbers.

A dual hyperbolic number is a hyper-complex number and is defined by

q = (a0 + ja1) + ε(a2 + ja3) = a0 + ja1 + εa2 + εja3

where a0, a1, a2 and a3 are real numbers.

The set of all dual hyperbolic numbers are denoted by

HD = {a0 + ja1 + εa2 + εja3 : a0, a1, a2, a3 ∈ R, j2 = 1, j 6= ±1, ε2 = 0, ε 6= 0}.

The base elements {1, j, ε, εj} of dual hyperbolic numbers satisfy the following properties (commutative multiplications):

1.ε = ε, 1.j = j, ε2 = ε.ε = (jε)2 = 0, j2 = j.j = 1

ε.j = j.ε, ε.(εj) = (εj).ε = 0, j(εj) = (εj)j = ε

where ε denotes the pure dual unit (ε2 = 0, ε 6= 0), j denotes the hyperbolic unit (j2 = 1), and εj denotes the dual
hyperbolic unit ((jε)2 = 0).

Let m and n two dual numbers as m = a0 + ja1 + εa2 + jεa3 and n = b0 + jb1 + εb2 + jεb3; The addition and
substraction of two dual numbers as m and n is

m∓ n = a0 ∓ b0 + j(a1 ∓ b1) + ε(a2 ∓ b2) + jε(a3 ∓ b3),

then, the multiplication of two dual numbers as m and n is

mn = a0b0 + a1b1 + j(a0b1 + a1b0) + ε(a0b2 + a2b0 + a1b3 + a3b1) + jε(a0b3 + a1b2 + a2b1 + b0a3)
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The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But HD is not field
because every dual hyperbolic numbers doesn’t have an inverse. For more information on the dual hyperbolic
numbers, see (Akar et al., 2018).

Before giving some information on generalized Woodall sequence we recall the definition of generalized Tribonacci
sequence. The generalized (r, s, t) sequence (or generalized Tribonacci sequence or generalized 3-step triangular
sequence)

{Wn(W0,W1,W2; r, s, t)}n≥0

(or shortly {Wn}n≥0) is defined as follows:

Wn = rWn−1 + sWn−2 + tWn−3, W0 = a,W1 = b,W2 = c, n ≥ 3 (1.1)

where W0,W1,W2 are arbitrary complex (or real) numbers and r, s, t are real numbers.

This sequence has been studied by many authors, see for example (Bruce, 1984),(Catalani, 2012),(Choi, 2013),(Elia,
2001),(Er, 1984),(Lin, 1988),(Pethe, 1988),(Scott et al., 1977), (Shannon, 1977),(Soykan, 2019b), (Soykan, 2020),
(Spickerman, 1982),(Yalavigi, 1972),(Yilmaz and Taskara, 2014).

The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = −s
t
W−(n−1) −

r

t
W−(n−2) +

1

t
W−(n−3)

for n = 1, 2, 3, ... when t 6= 0. Therefore, recurrence (1.1) holds for all integer n.

In this paper, we consider the case r = 5, s = −8, t = 4. The generalized Woodall sequence {Wn}n≥0 =
{Wn(W0,W1,W2, 5,−8, 4)}n≥0 is defined by the third-order recurrence relations

Wn = 5Wn−1 − 8Wn−2 + 4Wn−3 (1.2)

with the initial values W0,W1,W2 not all being zero. The sequence {Wn}n≥0 can be extended to negative
subscripts by defining

W−n = 2W−(n−1) −
5

4
W−(n−2) +

1

4
W−(n−3)

for n = 1, 2, 3, .... Therefore, recurrence (1.2) holds for all integer n.

Next, we can list some important properties of generalized Woodall numbers that are needed. First, we give Binet
formula of generalized Woodall numbers.

Theorem 1.1. [(Soykan and Irge, 2022), Theorem 1.1] Binet formula of generalized Woodall numbers can be
given as

Wn = (A1 +A2n)× 2n +A3

where

A1 = −W2 + 4W1 − 3W0,

A2 =
W2 − 3W1 + 2W0

2
,

A3 = W2 − 4W1 + 4W0,

that is,

Wn = ((−W2 + 4W1 − 3W0) +
W2 − 3W1 + 2W0

2
n)× 2n + (W2 − 4W1 + 4W0). (1.3)

400



Eren and Soykan; Arch. Curr. Res. Int., vol. 24, no. 11, pp. 398-423, 2024; Article no.ACRI.126420

Here, α, β and γ are the roots of the cubic equation

x3 − 5x2 + 8x− 4 = (x− 2)2 (x− 1) = 0,

where α = β = 2, γ = 1.

Now, we define four specific cases of the sequence {Wn}.

1. The Woodall numbers {Rn}, sometimes called Riesel numbers, and also called Cullen numbers of the
second kind, are numbers of the form

Rn = n× 2n − 1.

The first few Woodall numbers are:

1, 7, 23, 63, 159, 383, 895, 2047, 4607, 10239, 22527, 49151, 106495, 229375, 491519, 1048575, . . .

(sequence A003261 in the OEIS (Sloane, 2003)). Woodall numbers were first studied by Allan J. C.
Cunningham and H. J. Woodall in Cunningham and Woodall (1917) in 1917, inspired by James Cullen’s
earlier study of the similarly-defined Cullen numbers.

2. The Cullen numbers {Cn} are numbers of the form

Cn = n× 2n + 1.

The first few Cullen numbers are:

1, 3, 9, 25, 65, 161, 385, 897, 2049, 4609, 10241, 22529, 49153, 106497, 229377, 491521, ...

(sequence A002064 in the OEIS). Woodall and Cullen sequences have been studied by many authors
and more detail can be found in the extensive literature dedicated to these sequences, see for example,
(Berrizbeitia et al., 2012), (Bilu et al., 2019),(Cunningham and Woodall, 1917),(Grantham and Graves,
2021),(Guy, 1994),(Hooley, 1976),(Keller, 1995),(Luca and Stanica, 2004),(Marques, 2014),(Marques, 2015),
(Meher and Rout, 2020)] and references therein. There is some research on Diophantine equations
associated with the numbers studied here, see for example (Alahmadi and Luca, 2022),(Bérczes et al.,
2024),(Marques, 2014), (Bilu et al., 2019). Note that {Rn} and {Cn} hold the following relations:

Rn = 4Rn−1 − 4Rn−2 − 1,

Cn = 4Cn−1 − 4Cn−2 + 1.

Note also that the sequences {Rn} and {Cn} satisfy the following third order linear recurrences:

Rn = 5Rn−1 − 8Rn−2 + 4Rn−3, R0 = −1, R1 = 1, R2 = 7, (1.4)

Cn = 5Cn−1 − 8Cn−2 + 4Cn−3, C0 = 1, C1 = 3, C2 = 9. (1.5)

3. The modified Woodall numbers {Gn} are numbers of the form

Gn = (n− 1) 2n + 1 (using initial conditions in (1.3).

The modified Woodall sequence {Gn}n≥0 is defined, respectively, by the third order recurrence relation:

Gn = 5Gn−1 − 8Gn−2 + 4Gn−3, G0 = 0, G1 = 1, G2 = 5, (1.6)

4. The modified Cullen numbers {Hn} are numbers of the form

Hn = 2n+1 + 1 (using initial conditions in (1.3).

The modified Cullen sequence {Hn}n≥0 is defined, respectively, by the third order recurrence relation:

Hn = 5Hn−1 − 8Hn−2 + 4Hn−3, H0 = 3, H1 = 5, H2 = 9, (1.7)

401



Eren and Soykan; Arch. Curr. Res. Int., vol. 24, no. 11, pp. 398-423, 2024; Article no.ACRI.126420

Then, the sequences {Gn}n≥0, {Hn}n≥0, {Rn} and {Cn} can be extended to negative subscripts by defining,

G−n = 2G−(n−1) −
5

4
G−(n−2) +

1

4
G−(n−3),

H−n = 2H−(n−1) −
5

4
H−(n−2) +

1

4
H−(n−3),

R−n = 2R−(n−1) −
5

4
R−(n−2) +

1

4
R−(n−3),

C−n = 2C−(n−1) −
5

4
C−(n−2) +

1

4
C−(n−3),

for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.4), (1.5), (1.6) and (1.7) hold for all integer n.

Now, we recall the generating function and the Cassini identity for generalized Woodall numbers. The generating
function for generalized Woodall numbers is:

∞∑
n=0

Wnx
n =

W0 + (W1 − 5W0)x+ (W2 − 5W1 + 8W0)x
2

1− 5x+ 8x2 − 4x3
. (1.8)

The Cassini identity for generalized Woodall numbers is:

Wn+1Wn−1 −W 2
n =

1

4
2n(A+B2n + Cn).

A = 4W 2
1 +W 2

2 − 4W0W1 + 4W0W2 − 5W1W2.

B = −4W 2
0 − 9W 2

1 −W 2
2 + 12W0W1 − 4W0W2 + 6W1W2.

C = 8W 2
0 + 12W 2

1 +W 2
2 − 20W0W1 + 6W0W2 − 7W1W2.

For further information about generalized Woodall numbers, see (Soykan and Irge, 2022). For an application of
generalized Woodall numbers to Gaussian number, see (O. and Soykan, 2023).

In the next sections, we define the dual hyperbolic generalized Woodall numbers and give some properties of
them. Before this, we present literature review on dual, hyperbolic and dual hyperbolic numbers.

• Akar, Yüce and Şahin (Akar et al., 2018) presented the dual hyperbolic numbers.

• Cheng and Thompson (Cheng and Thompson, 1996) introduced dual numbers with complex coefficients.

• Cockle (Cockle, 1849) studied the Hyperbolic numbers with complex coefficients.

• Cihan, Azak, Güngör, Tosun, (Cihan et al., 2019) studied dual hyperbolic Fibonacci and Lucas numbers
given by,

DHFn = Fn + jFn+1 + εFn+2 + jεFn+3,

DHLn = Ln + jLn+1 + εLn+2 + jεLn+3

where Fibonacci and Lucas numbers, respectively, given by
Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1, Ln = Ln−1 + Ln−2, L0 = 2, L1 = 1.

• Soykan, Taşdemir, Okumuş, [(Soykan et al., 2022)] studied on dual hyperbolic numbers with generalized Jacobsthal
numbers components given by,

Ĵn = Jn+ jJn+1 + εJn+2 + 2 + jεJn+3,

K̂n = Kn + jKn+1 + εKn+2 + jεKn+3

where Jacobsthal and Jacobsthal-Lucas numbers, respectively, given by Jn = Jn−1 + 2Jn−2, J0 = 0, J1 = 1,
Kn = Kn−1 + 2Kn−2, K0 = 2, K1 = 1.
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• Soykan, Gümüş, Göcen [(Soykan et al., 2021)] presented dual hyperbolic generalized Pell numbers given by

V̂n = Vn + jVn+1 + εVn+2 + jεVn+3

where generalized Pell numbers are given by Vn = 2Vn−1 + Vn−2, V0 = a, V1 = b (n ≥ 2) with the initial values
V0, V1 not all being zero.

2 DUAL HYPERBOLIC GENERALIZED WOODALL NUMBERS

In this section, we define dual hyperbolic generalized Woodall numbers and present generating functions and
Binet’s formulas for them.

We now define dual hyperbolic generalized Woodall numbers over HD. The nth dual hyperbolic generalized
Woodall number is

Ŵn =Wn + jWn+1 + εWn+2 + jεWn+3. (2.1)

with the initial values Ŵ0, Ŵ1, Ŵ2. (2.1) can be written to negative subscripts by defining,

Ŵ−n =W−n + jW−n+1 + εW−n+2 + jεW−n+3.

so identity (2.1) holds for all integers n.

For four special cases of the nth dual hyperbolic generalized Woodall numbers are given as

Ĝn = Gn + jGn+1 + εGn+2 + jεGn+3,

Ĥn = Hn + jHn+1 + εHn+2 + jεHn+3,

R̂n = Rn + jRn+1 + εRn+2 + jεRn+3,

Ĉn = Cn + jCn+1 + εCn+2 + jεCn+3.

which are called dual hyperbolic modified Woodall numbers, dual hyperbolic modified Cullen numbers, dual
hyperbolic Woodall numbers and dual hyperbolic Cullen numbers, respectively. It is clear that

Ŵn = 5Ŵn−1 − 8Ŵn−2 + 4Ŵn−3. (2.2)

The sequence {Ŵn}n≥0 can be extended to negative subscripts by defining

Ŵ−n = −2Ŵ−(n−1) −
5

4
Ŵ−(n−2) +

1

4
Ŵ−(n−3).

for n = 1, 2, 3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.

The initial several dual hyperbolic generalized Woodall numbers with positive subscript and negative subscript are
given in the following Table 1.

Note that

Ŵ0 = W0 + jW1 + εW2 + jεW3 =W0 + jW1 + εW2 + jε(4W0 − 8W1 + 5W2),

Ŵ1 = W1 + jW2 + εW3 + jεW4 =W1 + jW2 + ε(4W0 − 8W1 + 5W2)

+jε(20W0 − 36W1 + 17W2),

Ŵ2 = W2 + jW3 + εW4 + jεW5 =W2 + j(4W0 − 8W1 + 5W2)

+ε(20W0 − 36W1 + 17W2) + jε(68W0 − 116W1 + 49W2).
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Table 1. A few dual hyperbolic generalized Woodall numbers

n Ŵn Ŵ−n

0 Ŵ0 Ŵ0

1 Ŵ1
1
4
(8Ŵ0 − 5Ŵ1 + Ŵ2)

2 Ŵ2
1
4
(11Ŵ0 − 9Ŵ1 + 2Ŵ2)

3 4Ŵ0 − 8Ŵ1 + 5Ŵ2
1
16
(52Ŵ0 − 47Ŵ1 + 11Ŵ2)

4 20Ŵ0 − 36Ŵ1 + 17Ŵ2
1
16
(57Ŵ0 − 54Ŵ1 + 13Ŵ2)

5 68Ŵ0 − 116Ŵ1 + 49Ŵ2
1
64
(240Ŵ0 − 233Ŵ1 + 57Ŵ2)

For four special cases of dual hyperbolic generalized Woodall numbers, we obtain the following initial conditions.

Ĝ0 = G0 + jG1 + εG2 + jεG3 = j + 5ε+ 17jε,

Ĝ1 = G1 + jG2 + εG3 + jεG4 = 1 + 5j + 17ε+ 49jε,

Ĝ2 = G2 + jG3 + εG4 + jεG5 = 5 + 17j + 49ε+ 129jε.

Ĥ0 = H0 + jH1 + εH2 + jεH3 = 3 + 5j + 9ε+ 17jε,

Ĥ1 = H1 + jH2 + εH3 + jεH4 = 5 + 9j + 17ε+ 33jε,

Ĥ2 = H2 + jH3 + εH4 + jεH5 = 9 + 17j + 33ε+ 65jε.

R̂0 = R0 + jR1 + εR2 + jεR3 = −1 + j + 7ε+ 23jε,

R̂1 = R1 + jR2 + εR3 + jεR4 = 1 + 7j + 23ε+ 63jε,

R̂2 = R2 + jR3 + εR4 + jεR5 = 7 + 23j + 63ε+ 159jε.

Ĉ0 = C0 + jC1 + εC2 + jεC3 = 1 + 3j + 9ε+ 25jε,

Ĉ1 = C1 + jC2 + εC3 + jεC4 = 3 + 9j + 25ε+ 65jε,

Ĉ2 = C2 + jC3 + εC4 + jεC5 = 9 + 25j + 65ε+ 161jε.

A few Ĝn, Ĥn, R̂n and Ĉn with positive subscript and negative subscript are given in the following Table 2, Table
3, Table 4 and Table 5.

Table 2. Dual hyperbolic modified woodall numbers

n Ĝn Ĝ−n

0 j + 5ε+ 17jε j + 5ε+ 17jε
1 1 + 5j + 17ε+ 49jε ε+ 5jε
2 5 + 17j + 49ε+ 129jε 1

4
+ jε

3 17 + 49j + 129ε+ 321jε 1
2
+ 1

4
j

4 49 + 129j + 321ε+ 769jε 11
16

+ 1
2
j + 1

4
ε

5 129 + 321j + 769ε+ 1793jε 13
16

+ 11
16
j + 1

2
ε+ 1

4
jε

Now, we will state Binet’s formula for the dual hyperbolic generalized Woodall numbers and in the rest of the paper,
we fix the following notations:

α̂ = 1 + 2j + 4ε+ 8jε,

β̂ = 2j + 8ε+ 24jε,

γ̂ = 1 + j + ε+ jε.
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Table 3. Dual hyperbolic modified cullen numbers

n Ĥn Ĥ−n

0 3 + 5j + 9ε+ 17jε 3 + 5j + 9ε+ 17jε
1 5 + 9j + 17ε+ 33jε 2 + 3j + 5ε+ 9jε
2 9 + 17j + 33ε+ 65jε 3

2
+ 2ε+ 3j + 5jε

3 17 + 33j + 65ε+ 129jε 5
4
+ 3

2
j + 2ε+ 3jε

4 33 + 65j + 129ε+ 257jε 9
8
+ 5

4
ε+ 3

2
j + 2jε

5 65 + 129j + 257ε+ 513jε 17
16

+ 9
8
j + 5

4
ε+ 3

2
jε

Table 4. Dual hyperbolic Woodall numbers

n R̂n R̂−n

0 −1 + j + 7ε+ 23jε −1 + j + 7ε+ 23jε
1 1 + 7j + 23ε+ 63jε − 3

2
− j + ε+ 7jε

2 7 + 23j + 63ε+ 159jε − 3
2
− 3

2
j − ε+ jε

3 23 + 63j + 159ε+ 383jε − 11
8
− 3

2
j − 3

2
ε− jε

4 63 + 159j + 383ε+ 895jε − 5
4
− 11

8
j − 3

2
ε− 3

2
jε

5 159 + 383j + 895ε+ 2047jε − 37
32
− 5

4
j − 11

8
ε− 3

2
jε

Table 5. Dual hyperbolic cullen numbers

n Ĉn Ĉ−n

0 1 + 3j + 9ε+ 25jε 1 + 3j + 9ε+ 25jε
1 3 + 9j + 25ε+ 65jε 1

2
+ j + 3ε+ 9jε

2 9 + 25j + 65ε+ 161jε 1
2
+ 1

2
ε+ j + 3jε

3 25 + 65j + 161ε+ 385jε 5
8
+ 1

2
j + 1

2
ε+ jε

4 65 + 161j + 385ε+ 897jε 3
4
+ 5

8
ε+ 1

2
j + 1

2
jε

5 161 + 385j + 897ε+ 2049jε 27
32

+ 3
4
j + 5

8
ε+ 1

2
jε

Note that we have the following identities:

α̂2 = 5 + 4j + 40ε++32jε,

β̂2 = 4 + 96ε+ 32jε,

γ̂2 = 2 + 2j + 4ε+ 4jε,

α̂β̂ = (1 + 2j + 4ε+ 8jε)(2j + 8ε+ 24jε),

α̂γ̂ = 3 + 3j + 15ε+ 15jε,

β̂γ̂ = 2 + 2j + 34ε+ 34jε,

α̂β̂γ̂ = 6 + 6j + 126ε+ 126jε.

Now, we present Binet’s formula in the following.

2.1 Binet’s Formula of Dual Hyperbolic Generalized Woodall Number
Theorem 2.1. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Woodall number is

Ŵn = (A1α̂+A2β̂ +A2nα̂)2
n +A3γ̂. (2.3)

Proof. Using Binet’s formula
Wn = (A1 +A2n)2

n +A3

of the generalized Woodall numbers, we obtain
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Ŵn = Wn + jWn+1 + εWn+2 + jεWn+3

= (A1 +A2n)2
n +A3 + j((A1 +A2(n+ 1))2n+1 +A3) + ε((A1 +A2(n+ 2))2n+2 +A3)

+jε((A1 +A2(n+ 3))2n+3 +A3)

= A12
n +A2n2

n +A3

+jA12
n+1 + jA2n2

n+1 + jA22
n+1 + jA3

+εA12
n+2 + εA2n2

n+2 + 2εA22
n+2 + εA3

+jεA12
n+3 + jεA2n2

n+3 + 3jεA22
n+3 + jεA3

= A12
n(1 + 2j + 4ε+ 8jε) +A2n2

n(1 + 2j + 4ε+ 8jε) +A22
n(2j + 8ε+ 24jε) +A3(1 + j + ε+ jε)

= A12
nα̂+A2n2

nα̂+A22
nβ̂ +A3γ̂

= (A1α̂+A2β̂ +A2nα̂)2
n +A3γ̂.

This proves (2.3). �

As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic modified Woodall number, dual
hyperbolic modified Cullen number, dual hyperbolic Woodall number and dual hyperbolic Cullen number are

• Ĝn = (−α̂+ β̂ + nα̂)2n + γ̂,

Ĝn = 1 + (n− 1)2n + j(1 + n2n+1) + ε(1 + 2n+2 + n2n+2) + jε(1 + 2n+4 + n2n+3).

• Ĥn = (2α̂)2n + γ̂,

Ĥn = 1 + 2n+1 + j(1 + 2n+2) + ε(1 + 2n+3) + jε(1 + 2n+4).

• R̂n = (β̂ + nα̂)2n − γ̂,

R̂n = −1 + n2n + j(−1 + 2n+1 + n2n+1) + ε(−1 + 2n+3 + n2n+2) + jε(−1 + 3× 2n+3 + n2n+3).

• Ĉn = (β̂ + nα̂)2n + γ̂,

Ĉn = 1 + n2n + j(1 + 2n+1 + n2n+1) + ε(1 + 2n+3 + n2n+2) + jε(1 + 3× 2n+3 + n2n+3).

Next, we present generating function for dual hyperbolic generalized Woodall numbers.

2.2 Generating Functions of Dual Hyperbolic Generalized Woodall Numbers

Theorem 2.2. The generating function for the dual hyperbolic generalized Woodall numbers is

∞∑
n=0

Ŵnx
n =

Ŵ0 + (Ŵ1 − 5Ŵ0)x+ (Ŵ2 − 5Ŵ1 + 8Ŵ0)x
2

1− 5x+ 8x2 − 4x3
. (2.4)

Proof. Let

g(x) =
∞∑

n=0

Ŵnx
n

be generating function of the dual hyperbolic generalized Woodall numbers. Then, using the definition of the dual
hyperbolic generalized Woodall numbers, and substracting xg(x), x2g(x) and x3g(x) from g(x), we obtain (note
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the shift in the index n in the third line)

(1− 5x+ 8x2 − 4x3)g(x) =

∞∑
n=0

Ŵnx
n − 5x

∞∑
n=0

Ŵnx
n + 8x2

∞∑
n=0

Ŵnx
n − 4x3

∞∑
n=0

Ŵnx
n

=

∞∑
n=0

Ŵnx
n − 5

∞∑
n=0

Ŵnx
n+1 + 8

∞∑
n=0

Ŵnx
n+2 − 4

∞∑
n=0

Ŵnx
n+3

=

∞∑
n=0

Ŵnx
n − 5

∞∑
n=1

Ŵn−1x
n + 8

∞∑
n=2

Ŵn−2x
n − 4

∞∑
n=3

Ŵn−3x
n

= (Ŵ0 + Ŵ1x+ Ŵ2x
2)− 5(Ŵ0x+ Ŵ1x

2) + 8Ŵ0x
2

+

∞∑
n=3

(Ŵn − 5Ŵn−1 + 8Ŵn−2 − 4Ŵn−3)x
n

= Ŵ0 + (Ŵ1 − 5Ŵ0)x+ (Ŵ2 − 5Ŵ1 + 8Ŵ0)x
2.

Note that we used the recurrence relation Ŵn = 5Ŵn−1 − 8Ŵn−2 + 4Ŵn−3. Rearranging above equation, we get

g(x) =
Ŵ0 + (Ŵ1 − 5Ŵ0)x+ (Ŵ2 − 5Ŵ1 + 8Ŵ0)x

2

1− 5x+ 8x2 − 4x3
.

The proof is finished. �

As special cases, the generating functions for the dual hyperbolic modified Woodall, dual hyperbolic modified
Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers are

∞∑
n=0

Ĝnx
n =

j + 5ε+ 17jε+ (1− 36jε− 8ε)x+ (4ε+ 20jε)x2

1− 5x+ 8x2 − 4x3
,

∞∑
n=0

Ĥnx
n =

5j + 9ε+ 17jε+ 3 + (−16j − 28ε− 52jε− 10)x+ (12j + 20ε+ 36jε+ 8)x2

1− 5x+ 8x2 − 4x3
,

∞∑
n=0

R̂nx
n =

−1 + j + 7ε+ 23jε+ (2j − 12ε− 52jε+ 6)x+ (4ε− 4j + 28jε− 6)x2

1− 5x+ 8x2 − 4x3

nd

∞∑
n=0

Ĉnx
n =

3j + 9ε+ 25jε+ 1 + (−6j − 20ε− 60jε− 2)x+ (4j + 12ε+ 36jε+ 2)x2

1− 5x+ 8x2 − 4x3

respectively.

Now, we give obtaining Binet’s formula from generating function.

2.3 Obtaining Binet’s Formula From Generating Function

We obtain Binet’s formula of dual hyperbolic generalized Woodall number {Ŵn} by the use of generating function
for Ŵn.

Theorem 2.3. (Binet’s formula of dual hyperbolic generalized Woodall numbers)

Ŵn = (A1α̂+A2β̂ +A2nα̂)2
n +A3γ̂. (2.5)
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Proof. Let
∞∑

n=0

Ŵnx
n =

Ŵ0 + (Ŵ1 − 5Ŵ0)x+ (Ŵ2 − 5Ŵ1 + 8Ŵ0)x
2

1− 5x+ 8x2 − 4x3
.

Then we write

Ŵ0 + (Ŵ1 − 5Ŵ0)x+ (Ŵ2 − 5Ŵ1 + 8Ŵ0)x
2

(1− x) (1− 2x)2
=

d1
(1− x) +

d2
(1− 2x)

+
d3

(1− 2x)2
. (2.6)

So

Ŵ0 + (Ŵ1 − 5Ŵ0)x+ (Ŵ2 − 5Ŵ1 + 8Ŵ0)x
2 = (d1 + d2 + d3) + (−4d1 − 3d2 − d3)x+ (4d1 + 2d2)x

2.

We get

Ŵ0 = d1 + d2 + d3,

Ŵ1 − 5Ŵ0 = −4d1 − 3d2 − d3,
Ŵ2 − 5Ŵ1 + 8Ŵ0 = 4d1 + 2d2.

If we solve these simultanious equation,

d1 = 4Ŵ0 − 4Ŵ1 + Ŵ2,

d2 = −4Ŵ0 +
11

2
Ŵ1 −

3

2
Ŵ2,

d3 = Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2.

Thus (2.6) can be written as

∞∑
n=0

Ŵnx
n = d1

1

(1− x) + d2
1

(1− 2x)
+ d3

1

(2x− 1)2
,

= d1

∞∑
n=0

xn + d2

∞∑
n=0

2nxn + d3

∞∑
n=0

2n(n+ 1)xn,

=

∞∑
n=0

(d1 + d22
n + d32

n(n+ 1))xn,

=

∞∑
n=0

(4Ŵ0 − 4Ŵ1 + Ŵ2 + (−4Ŵ0 +
11

2
Ŵ1 −

3

2
Ŵ2)2

n + (Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2)2

n(n+ 1))xn,

=
∞∑

n=0

(4Ŵ0 − 4Ŵ1 + Ŵ2 + (−4Ŵ0 +
11

2
Ŵ1 −

3

2
Ŵ2)2

n + (Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2)2

n

+(Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2)2

nn)xn,

=

∞∑
n=0

(4Ŵ0 − 4Ŵ1 + Ŵ2 + (Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2)n2

n + (−3Ŵ0 + 4Ŵ1 − Ŵ2)2
n)xn,

=

∞∑
n=0

((−3Ŵ0 + 4Ŵ1 − Ŵ2) + (Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2)n)2

n + 4Ŵ0 − 4Ŵ1 + Ŵ2)x
n.
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This gives

Ŵn = (Â1 + Â2n)2
n + Â3

where

Â1 = −3Ŵ0 + 4Ŵ1 − Ŵ2,

Â2 = Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2,

Â3 = 4Ŵ0 − 4Ŵ1 + Ŵ2.

Note that the following equalities are true:

A1α̂+A2β̂ = (−W2 + 4W1 − 3W0)(1 + 2j + 4ε+ 8jε) + (
W2 − 3W1 + 2W0

2
)(2j + 8ε+ 24jε)

= −3W0 + 4W1 −W2 + j(−4W0 + 5W1 −W2) + ε(−4W0 + 4W1) + jε(−4W1 + 4W2).

A2α̂ =
W2 − 3W1 + 2W0

2
(1 + 2j + 4ε+ 8jε)

= W0 −
3

2
W1 +

1

2
W2 + j(2W0 − 3W1 +W2) + ε(4W0 − 6W1 + 2W2) + jε(8W0 − 12W1 + 4W2).

A3γ̂ =W2 − 4W1 + 4W0 + j(W2 − 4W1 + 4W0) + ε(W2 − 4W1 + 4W0) + jε(W2 − 4W1 + 4W0).

Therefore, we can write the following equalition:

Ŵn = (A1α̂+A2β̂ +A2nα̂)2
n +A3γ̂.

The proof is finished. �

Next, using Theorem 2.3, we present the Binet’s formulas of dual hyperbolic modified Woodall, dual hyperbolic
modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers.

3 SOME IDENTITIES FOR DUAL HYPERBOLIC GENERALIZED WOODALL
NUMBERS

We now present a few special identities for the dual hyperbolic generalized Woodall sequence {Ŵn}. The following
theorem presents the Simpson’s identity for the dual hyperbolic generalized Woodall numbers.

Theorem 3.1. (Simpson’s formula for dual hyperbolic generalized Woodall sequence)For all integers n we have∣∣∣∣∣∣∣
Ŵn+2 Ŵn+1 Ŵn

Ŵn+1 Ŵn Ŵn−1

Ŵn Ŵn−1 Ŵn−2

∣∣∣∣∣∣∣ = 4n

∣∣∣∣∣∣∣
Ŵ2 Ŵ1 Ŵ0

Ŵ1 Ŵ0 Ŵ−1

Ŵ0 Ŵ−1 Ŵ−2

∣∣∣∣∣∣∣ .
Proof. For the proof we use mathematical induction. We suppose that n ≥ 0. For n = 0 identity is true. Now we
obtain is true for n = k. Hence we write the following identity∣∣∣∣∣∣∣

Ŵk+2 Ŵk+1 Ŵk

Ŵk+1 Ŵk Ŵk−1

Ŵk Ŵk−1 Ŵk−2

∣∣∣∣∣∣∣ = 4k

∣∣∣∣∣∣∣
Ŵ2 Ŵ1 Ŵ0

Ŵ1 Ŵ0 Ŵ−1

Ŵ0 Ŵ−1 Ŵ−2

∣∣∣∣∣∣∣ .
For n = k + 1, we get
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∣∣∣∣∣∣∣
Ŵk+3 Ŵk+2 Ŵk+1

Ŵk+2 Ŵk+1 Ŵk

Ŵk+1 Ŵk Ŵk−1

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
5Ŵk+2 − 8Ŵk+1 + 4Ŵk Ŵk+2 Ŵk+1

5Ŵk+1 − 8Ŵk + 4Ŵk−1 Ŵk+1 Ŵk

5Ŵk − 8Ŵk−1 + 4Ŵk−2 Ŵk Ŵk−1

∣∣∣∣∣∣∣
= 5

∣∣∣∣∣∣∣
Ŵk+2 Ŵk+2 Ŵk+1

Ŵk+1 Ŵk+1 Ŵk

Ŵk Ŵk Ŵk−1

∣∣∣∣∣∣∣− 8

∣∣∣∣∣∣∣
Ŵk+1 Ŵk+2 Ŵk+1

Ŵk Ŵk+1 Ŵk

Ŵk−1 Ŵk Ŵk−1

∣∣∣∣∣∣∣
+4

∣∣∣∣∣∣∣
Ŵk Ŵk+2 Ŵk+1

Ŵk−1 Ŵk+1 Ŵk

Ŵk−2 Ŵk Ŵk−1

∣∣∣∣∣∣∣
= 4

∣∣∣∣∣∣∣
Ŵk+2 Ŵk+1 Ŵk

Ŵk+1 Ŵk Ŵk−1

Ŵk Ŵk−1 Ŵk−2

∣∣∣∣∣∣∣ = 4k+1

∣∣∣∣∣∣∣
Ŵ2 Ŵ1 Ŵ0

Ŵ1 Ŵ0 Ŵ−1

Ŵ0 Ŵ−1 Ŵ−2

∣∣∣∣∣∣∣ .
Thus, the proof is finished. n < 0 can be proved similarly. �

From prewious theorem, we get following corollary.

Corollary 3.2. (Simpson’s formula for dual hyperbolic generalized Woodall sequence’s special cases)

(a)

∣∣∣∣∣∣∣
Ĝk+2 Ĝk+1 Ĝk

Ĝk+1 Ĝk Ĝk−1

Ĝk Ĝk−1 Ĝk−2

∣∣∣∣∣∣∣ = −4n−1(9 + 9j + 9ε+ 153jε).

(b)

∣∣∣∣∣∣∣
Ĥk+2 Ĥk+1 Ĥk

Ĥk+1 Ĥk Ĥk−1

Ĥk Ĥk−1 Ĥk−2

∣∣∣∣∣∣∣ = 0.

(c)

∣∣∣∣∣∣∣
R̂k+2 R̂k+1 R̂k

R̂k+1 R̂k R̂k−1

R̂k R̂k−1 R̂k−2

∣∣∣∣∣∣∣ = 4n−1(9 + 9j + 9ε+ 153jε).

(d)

∣∣∣∣∣∣∣
Ĉk+2 Ĉk+1 Ĉk

Ĉk+1 Ĉk Ĉk−1

Ĉk Ĉk−1 Ĉk−2

∣∣∣∣∣∣∣ = −4n−1(9 + 9j + 9ε+ 153jε).

Theorem 3.3. (Catalan’s identity) For all integers n and m, the following identity holds:

Ŵn+mŴn−m − Ŵ 2
n = 2n−m(−2m+nm2α̂2A2

2 +A2A3(−2m+1β̂γ̂ + β̂γ̂ + 22mβ̂γ̂ −mα̂γ̂ + nα̂γ̂ − 2m+1nα̂γ̂ +
22mmα̂γ̂ + 22mnα̂γ̂) +A1A3(α̂γ̂ − 2m+1α̂γ̂ + 22mα̂γ̂)).

Proof. Using the Binet’s formula Ŵn = (A1α̂+A2β̂ +A2nα̂)2
n +A3γ̂, we get the required identity. �

As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic modified Woodall, dual
hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers. Firstly, we present
Catalan’s identity of dual hyperbolic Woodall numbers.

Corollary 3.4. (Catalan’s identity for the dual hyperbolic modified Woodall numbers) For all integers n and m, the
following identity holds:

Ĝn+mĜn−m − Ĝ2
n = −2n−m(α̂γ̂ − β̂γ̂ + 22mα̂γ̂ − 22mβ̂γ̂ − 2m+1α̂γ̂ + 2m+1β̂γ̂ +mα̂γ̂ − nα̂γ̂

+2m+nm2α̂2 − 22mmα̂γ̂ − 22mnα̂γ̂ + 2m+1nα̂γ̂).
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Proof. Take Wn = Gn in Theorem 3.3. �

Secondly, we give Catalan’s identity of dual hyperbolic modified Cullen numbers.

Corollary 3.5. (Catalan’s identity for the dual hyperbolic modified Cullen numbers) For all integers n and m, the
following identity holds:

Ĥn+mĤn−m − Ĥ2
n = 2n−m(2α̂γ̂ + 2× 22mα̂γ̂ − 2× 2m+1α̂γ̂).

Proof. Take Wn = Hn in Theorem 3.3. �

Thirdly, we give Catalan’s identity of dual hyperbolic Woodall numbers.

Corollary 3.6. (Catalan’s identity for the dual hyperbolic Woodall numbers) For all integers n and m, the following
identity holds:

R̂n+mR̂n−m−R̂2
n = −2n−m(β̂γ̂+22mβ̂γ̂−2m+1β̂γ̂−mα̂γ̂+nα̂γ̂+2m+nm2α̂2+22mmα̂γ̂+22mnα̂γ̂−2m+1nα̂γ̂).

Proof. Take Wn = Rn in Theorem 3.3. �

Fourthly, we give Catalan’s identity of dual hyperbolic Cullen numbers.

Corollary 3.7. (Catalan’s identity for the dual hyperbolic Cullen numbers) For all integers n and m, the following
identity holds:

Ĉn+mĈn−m− Ĉ2
n = 2n−m(β̂γ̂+22mβ̂γ̂− 2m+1β̂γ̂−mα̂γ̂+nα̂γ̂− 2m+nm2α̂2 +22mmα̂γ̂+22mnα̂γ̂− 2m+1nα̂γ̂).

Proof. Take Wn = Cn in Theorem 3.3. �

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the dual hyperbolic generalized Woodall
sequence.

Corollary 3.8. (Cassini’s identity) For all integers n, the following identity holds:

Ŵn+1Ŵn−1 − Ŵ 2
n = 2n−1(A2A3(3α̂γ̂ + β̂γ̂ + nα̂γ̂)− 2n+1A2

2α̂
2 +A1A3α̂γ̂).

As special cases of Cassini’s identity, we give Cassini’s identity of dual hyperbolic modified Woodall, dual hyperbolic
modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers. Firstly, we present Cassini’s identity
of dual hyperbolic modified Woodall numbers.

Corollary 3.9. (Cassini’s identity of dual hyperbolic modified Woodall numbers) For all integers n, the following
identity holds:

Ĝn+1Ĝn−1 − Ĝ2
n = 2n−1(2α̂γ̂ + β̂γ̂ − 2n+1α̂2 + nα̂γ̂).

Secondly, we give Cassini’s identity of dual hyperbolic modified Cullen numbers.

Corollary 3.10. (Cassini’s identity of dual hyperbolic modified Cullen numbers) For all integers n, the following
identity holds:

Ĥn+1Ĥn−1 − Ĥ2
n = 2nα̂γ̂.

Fourthly, we give Cassini’s identity of dual hyperbolic Woodall numbers.

Corollary 3.11. (Cassini’s identity of dual hyperbolic Woodall numbers) For all integers n, the following identity
holds:

R̂n+1R̂n−1 − R̂2
n = −2n−1(3α̂γ̂ + β̂γ̂ + 2n+1α̂2 + nα̂γ̂).

Thirdly, we give Cassini’s identity of dual hyperbolic Cullen numbers.
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Corollary 3.12. (Cassini’s identity of dual hyperbolic Cullen numbers) For all integers n, the following identity
holds:

Ĉn+1Ĉn−1 − Ĉ2
n = 2n−1(3α̂γ̂ + β̂γ̂ − 2n+1α̂2 + nα̂γ̂).

Theorem 3.13. For all integers m, n, Gn is woodall numbers, the following identity is true:

Ŵn+m = ŴnGm+1 + Ŵn−1(−8Gm + 4Gm−1) + 4Ŵn−2Gm.

Proof. The identity (3.13) can be proved by mathematical induction on m. Firstly, we assume that m ≥ 0 and
n ≥ 0. If m = 0 we get

Ŵn = ŴnG1 + Ŵn−1(−8G0 + 4G−1) + 4Ŵn−2G0

which is true by seeing that G−1 = 0, G−2 = 1
4
, G−3 = 1

2
. We assume that the identity given holds for m = k. For

m = k + 1, we get

Ŵ(k+1)+n = 5Ŵn+k − 8Ŵn+k−1 + 4Ŵn+k−2

= 5(ŴnGk+1 + Ŵn−1(−8Gk + 4Gk−1) + 4Ŵn−2Gk)

−8(ŴnGk + Ŵn−1(−8Gk−1 + 4Gk−2) + 4Ŵn−2Gk−1)

+4(ŴnGk−1 + Ŵn−1(−8Gk−2 + 4Gk−3) + 4Ŵn−2Gk−2)

= Ŵn(5Gk+1 − 8Gk + 4Gk−1) + Ŵn−1(−8(5Gk − 8Gk−1 + 4Gk−2)

+4(5Gk−1 − 8Gk−2 + 4Gk−3)) + 4Ŵn−2(5Gk − 8Gk−1 + 4Gk−2)

= ŴnGk+2 + Ŵn−1(−8Gk+1 + 4Gk) + 4Ŵn−2Gk+1

= ŴnG(k+1)+1 + Ŵn−1(−8G(k+1) + 4G(k+1)−1) + 4Ŵn−2G(k+1).

Consequently, by mathematical induction on m, this proves ((?)). Similarly, we can show for the other cases. �

4 LINEAR SUMS FOR DUAL HYPERBOLIC GENERALIZED WOODALL
NUMBERS

In this section, we give the summation formulas of the dual hyperbolic generalized Woodall numbers with positive
and negatif subscripts. Now, we present the summation formulas of the generalized Woodall numbers.

Proposition 4.1. For the generalized Woodall numbers, we have the following formulas:

•
∑n

k=0Wk = 1
2
W2(2n− 2n+1(n− 1) + 2n+2(n− 2) + 6)− 1

2
W1(8n− 2n+1(3n− 5) + 2n+2(3n− 8) + 22) +

W0(4n− 2n+1(n− 2) + 2n+2(n− 3) + 9).

•
∑n

k=0Wk+1 = 1
2
W2(2n + 2n+3(n − 1) − 2n+2n + 8) − 1

2
W1(8n − 2n+2(3n − 2) + 2n+3(3n − 5) + 30) +

W0(4n− 2n+2(n− 1) + 2n+3(n− 2) + 12).

•
∑n

k=0Wk+2 = 1
2
W2(2n− 2n+3(n+ 1) + 2n+4n+ 10) +W0(4n+ 2n+4(n− 1)− 2n+3n+ 16)− 1

2
W1(8n−

2n+3(3n+ 1) + 2n+4(3n− 2) + 40).

•
∑n

k=0Wk+3 = W0(4n − 2n+4(n + 1) + 2n+5n + 20) − 1
2
W1(8n + 2n+5(3n + 1) − 2n+4(3n + 4) + 48) +

1
2
W2(2n− 2n+4(n+ 2) + 2n+5(n+ 1) + 10).

Proof. For the proof, see Soykan [(Soykan, 2019a)]. �

Proposition 4.2. For the generalized Woodall numbers, we have the following formulas:
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•
∑n

k=0W2k = 1
9
W0(36n− 22n+2(2n− 1) + 22n+4(2n− 3) + 53)− 1

18
W1(72n− 22n+2(6n− 2) + 22n+4(6n−

8) + 120) + 1
18
W2(18n+ 22n+4(2n− 2)− 2× 22n+2n+ 32).

•
∑n

k=0W2k+1 = 1
18
W2(18n−22n+3(2n+1)+22n+5(2n−1)+40)− 1

18
W1(72n−22n+3(6n+1)+22n+5(6n−

5) + 150) + 1
9
W0(36n+ 22n+5(2n− 2)− 2× 22n+3n+ 64).

•
∑n

k=0W2k+2 = 1
9
W0(36n−22n+4(2n+1)+22n+6(2n−1)+80)− 1

18
W1(72n−22n+4(6n+4)+22n+6(6n−

2) + 192) + 1
18
W2(18n− 22n+4(2n+ 2) + 2× 22n+6n+ 50).

•
∑n

k=0W2k+3 = 1
18
W2

(
(18n− 22n+5(2n+ 3) + 22n+7(2n+ 1) + 58

)
− 1

18
W1(72n+22n+7(6n+1)−22n+5(6n+

7) + 240) + 1
9
W0(36n− 22n+5(2n+ 2) + 2× 22n+7n+ 100).

•
∑n

k=0W2k+4 = 1
18
W2(18n−22n+6(2n+4)+22n+8(2n+2)+50)+ 1

9
W0(36n−22n+6(2n+3)+22n+8(2n+

1) + 116)− 1
18
W1(72n+ 22n+8(6n+ 4)− 22n+6(6n+ 10) + 264).

Proof. For the proof, see Soykan [(Soykan, 2019a)]. �

Proposition 4.3. For the generalized Woodall numbers, we have the following formulas:

•
∑n

k=0W−k = 4W0(n+ 1
2n+1 (n+ 4)− 1

2n+2 (n+ 3)− 1) + 2W1(
1

2n+2 (3n+ 8)− 2n− 1
2n+1 (3n+ 11) + 7

2
) +

2W2(
1
2
n+ 1

2n+1 (n+ 3)− 1
2n+2 (n+ 2)− 1).

•
∑n

k=0W−k+1 = 2W2(
1
2
n + 1

2n
(n + 2) − 1

2n+1 (n + 1) − 3
2
) + 4W0(n + 1

2n
(n + 3) − 1

2n+1 (n + 2) − 2) +
2W1(

1
2n+1 (3n+ 5)− 2n− 1

2n
(3n+ 8) + 6).

•
∑n

k=0W−k+2 = 2W2(
1
2
n+ 21−n(n+ 1)− 1

2n
n− 3

2
) + 4W0(n− 1

2n
(n+ 1) + 21−n(n+ 2)− 3)− 2W1(2n+

21−n(3n+ 5)− 1
2n

(3n+ 2)− 8).

•
∑n

k=0W−k+3 = 2W2(
1
2
n + 22−nn − 21−n(n − 1) + 1

2
) + 2W1(2

1−n(3n − 1) − 2n − 22−n(3n + 2) + 6) +
4W0(n− 21−nn+ 22−n(n+ 1)− 3).

Proof. For the proof, see Soykan [(Soykan, 2019a)]. �

Proposition 4.4. For the generalized Woodall numbers, we have the following formulas:

•
∑n

k=0W−2k = 8
9
W1(

1
22n+4 (6n+8)− 9

2
n− 1

22n+2 (6n+14)+3)+ 16
9
W0(

9
4
n+ 1

22n+2 (2n+5)− 1
22n+4 (2n+3)− 1

2
)+

8
9
W2(

9
8
n+ 1

22n+2 (2n+ 4)− 1
22n+4 (2n+ 2)− 7

8
).

•
∑n

k=0W−2k+1 = 8
9
W1(

1
22n+3 (6n+5)− 9

2
n− 1

22n+1 (6n+11)+6)+ 16
9
W0(

9
4
n+ 1

22n+1 (2n+4)− 1
22n+3 (2n+

2)− 7
4
) + 8

9
W2(

9
8
n+ 1

22n+1 (2n+ 3)− 1
22n+3 (2n+ 1)− 11

8
).

•
∑n

k=0W−2k+2 = 8
9
W2(

9
8
n− 2

22n+2 n+
1

22n
(2n+2)− 7

8
)− 16

9
W0(

1
22n+2 (2n+1)− 9

4
n− 1

22n
(2n+3)+ 11

4
)+ 8

9

W1(
1

22n+2 (6n+ 2)− 9
2
n− 1

22n
(6n+ 8) + 15

2
).

•
∑n

k=0W−2k+3 = 8
9
W1(

1
22n+1 (6n− 1)− 9

2
n− 21−2n(6n+5)+ 3

2
) + 8

9
W2(

9
8
n− 1

22n+1 (2n− 1)+ 21−2n(2n+

1) + 25
8
) + 16

9
W0(

9
4
n+ 21−2n(2n+ 2)− 2

22n+1 n− 7
4
).

•
∑n

k=0W−2k+4 = 8
9
W2(

9
8
n+2×22−2nn− 1

22n
(2n−2)+ 137

8
)+ 16

9
W0(

9
4
n+22−2n(2n+1)− 1

22n
(2n−1)+ 25

4
)−

8
9
W1(

9
2
n+ 22−2n(6n+ 2)− 1

22n
(6n− 4) + 57

2
).

Proof. For the proof, see Soykan [(Soykan, 2019a)]. �

Next, we give the formulas which give the summation of the dual hyperbolic generalized Woodall numbers in the
following theorem.

Theorem 4.5. For n ≥ 0, dual hyperbolic generalized Woodall numbers have the following formulas:

(a)
∑n

k=0 Ŵk = (3 + n − 3 × 2n + 2nn + 4j + jn − 2n+2j + 2n+1jn + 5ε + nε − 2n+2ε + 2n+2nε + 5jε + jn
ε + 2n+3jnε)W2 + (−11 − 4n + 11 × 2n − 3 × 2nn − 15j − 4jn + 2n+4j − 3 × 2n+1jn − 20ε − 4nε +
5× 2n+2ε− 3× 2n+2nε− 24jε− 4jnε+2n+4jε− 3× 2n+3jnε)W1 +(9+4n− 2n+3 +2n+1n+12j+4jn−
3× 2n+2j + 2n+2jn+ 16ε+ 4nε− 2n+4ε+ 2n+3nε+ 20jε+ 4jnε− 2n+4jε+ 2n+4jnε)W0.
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(b)
∑n

k=0 Ŵ2k = ( 16
9

+ n − 1
9
22n+4 + 1

3
22n+2n + 20

9
j + jn − 5

9
22n+2j + 1

3
22n+3jn + 25

9
ε + nε − 1

9
22n+4ε +

1
3
22n+4nε+ 29

9
jε+ 1

9
22n+4jε+jnε+ 32

3
22njnε)W2+(− 20

3
−4n+ 5

3
22n+2−22n+2n− 25

3
j+ 7

3
22n+2j−4jn−

22n+3jn− 32
3
ε+ 1

3
22n+5ε−4nε−22n+4nε− 40

3
jε+ 1

3
22n+4jε−4jnε−22n+5jnε)W1+( 53

9
− 11

9
22n+2+4n+

1
3
22n+3n+ 64

9
j− 1

9
22n+6j+4jn+ 1

3
22n+4jn+ 80

9
ε− 5

9
22n+4ε+4nε+ 1

3
22n+5nε+ 100

9
jε− 1

9
22n+6jε+4jn

ε+ 1
3
22n+6jnε)W0.

(c)
∑n

k=0 Ŵ2k+1 = ( 20
9
− 5

9
22n+2 + n + 1

3
22n+3n + 25

9
j − 1

9
22n+4j + jn + 1

3
22n+4jn + 29

9
ε + nε + 1

9
22n+4ε +

1
3
22n+5nε+ 25

9
jε+ 1

9
22n+7jε+ jnε+ 1

3
22n+6jnε)W2 + (− 25

3
+ 7

3
22n+2 − 4n− 22n+3n+ 1

3
22n+5j − 32

3
j −

4jn−22n+4jn− 40
3
ε+ 1

3
22n+4ε−4nε−22n+5nε−4jnε− 44

3
jε− 1

3
22n+6jε−22n+6jnε)W1+( 64

9
− 1

9
22n+6+

4n+ 1
3
22n+4n+ 80

9
j− 5

9
22n+4j+4jn+ 1

3
22n+5jn+ 100

9
ε− 1

9
22n+6ε+4nε+ 1

3
22n+6nε+ 116

9
jε+ 1

9
22n+6jε+

4jnε+ 1
3
22n+7jnε)W0.

Proof. Proof can be obtained by using Proposition 4.4.

(a) We can derive the following using the formulas in Proposition 4.1.

n∑
k=0

Ŵk =

n∑
k=0

Wk + j

n∑
k=0

Wk+1 + ε

n∑
k=0

Wk+2 + jε

n∑
k=0

Wk+3.

n∑
k=0

Ŵk =
1

2
W2(2n− 2n+1(n− 1) + 2n+2(n− 2) + 6)− 1

2
W1(8n− 2n+1(3n− 5) + 2n+2(3n− 8) + 22)

+W0(4n− 2n+1(n− 2) + 2n+2(n− 3) + 9)

+j(
1

2
W2(2n+ 2n+3(n− 1)− 2n+2n+ 8)− 1

2
W1(8n− 2n+2(3n− 2) + 2n+3(3n− 5) + 30)

+W0(4n− 2n+2(n− 1) + 2n+3(n− 2) + 12))

+ε(
1

2
W2(2n− 2n+3(n+ 1) + 2n+4n+ 10) +W0(4n+ 2n+4(n− 1)− 2n+3n+ 16)

−1

2
W1(8n− 2n+3(3n+ 1) + 2n+4(3n− 2) + 40))

+jε(W0(4n− 2n+4(n+ 1) + 2n+5n+ 20)− 1

2
W1(8n+ 2n+5(3n+ 1)− 2n+4(3n+ 4) + 48)

+
1

2
W2(2n− 2n+4(n+ 2) + 2n+5(n+ 1) + 10)).

n∑
k=0

Ŵk = (3 + n− 3× 2n + 2nn+ 4j + jn− 2n+2j + 2n+1jn+ 5ε+ nε− 2n+2ε+ 2n+2nε+ 5jε+ jnε

+2n+3jnε)W2

+(−11− 4n+ 11× 2n − 3× 2nn− 15j − 4jn+ 2n+4j − 3× 2n+1jn− 20ε− 4nε+ 5× 2n+2ε

−3× 2n+2nε− 24jε− 4jnε+ 2n+4jε− 3× 2n+3jnε)W1

+(9 + 4n− 2n+3 + 2n+1n+ 12j + 4jn− 3× 2n+2j + 2n+2jn+ 16ε+ 4nε− 2n+4ε+ 2n+3nε

+20jε+ 4jnε− 2n+4jε+ 2n+4jnε)W0.

The proof is finished. �

(b) We can derive the following using the formulas in Proposition 4.2.

n∑
k=0

Ŵ2k =

n∑
k=0

W2k + j

n∑
k=0

W2k+1 + ε

n∑
k=0

W2k+2 + jε

n∑
k=0

W2k+3.

414



Eren and Soykan; Arch. Curr. Res. Int., vol. 24, no. 11, pp. 398-423, 2024; Article no.ACRI.126420

n∑
k=0

Ŵ2k =
1

9
W0(36n− 22n+2(2n− 1) + 22n+4(2n− 3) + 53)− 1

18
W1(72n− 22n+2(6n− 2)

+22n+4(6n− 8) + 120) +
1

18
W2(18n+ 22n+4(2n− 2)− 2× 22n+2n+ 32)

+j(
1

18
W2(18n− 22n+3(2n+ 1) + 22n+5(2n− 1) + 40)− 1

18
W1(72n− 22n+3(6n+ 1)

+22n+5(6n− 5) + 150) +
1

9
W0(36n+ 22n+5(2n− 2)− 2× 22n+3n+ 64))

+ε(
1

9
W0(36n− 22n+4(2n+ 1) + 22n+6(2n− 1) + 80)− 1

18
W1(72n− 22n+4(6n+ 4)

+22n+6(6n− 2) + 192) +
1

18
W2(18n− 22n+4(2n+ 2) + 2× 22n+6n+ 50))

+jε(
1

18
W2

(
(18n− 22n+5(2n+ 3) + 22n+7(2n+ 1) + 58

)
− 1

18
W1(72n+ 22n+7(6n+ 1)

−22n+5(6n+ 7) + 240) +
1

9
W0(36n− 22n+5(2n+ 2) + 2× 22n+7n+ 100)).

n∑
k=0

Ŵ2k = (
16

9
+ n− 1

9
22n+4 +

1

3
22n+2n+

20

9
j + jn− 5

9
22n+2j +

1

3
22n+3jn+

25

9
ε+ nε− 1

9
22n+4ε

+
1

3
22n+4nε+

29

9
jε+

1

9
22n+4jε+ jnε+

32

3
22njnε)W2

+(−20

3
− 4n+

5

3
22n+2 − 22n+2n− 25

3
j +

7

3
22n+2j − 4jn− 22n+3jn− 32

3
ε+

1

3
22n+5ε

−4nε− 22n+4nε− 40

3
jε+

1

3
22n+4jε− 4jnε− 22n+5jnε)W1

+(
53

9
− 11

9
22n+2 + 4n+

1

3
22n+3n+

64

9
j − 1

9
22n+6j + 4jn+

1

3
22n+4jn+

80

9
ε− 5

9
22n+4ε

+4nε+
1

3
22n+5nε+

100

9
jε− 1

9
22n+6jε+ 4jnε+

1

3
22n+6jnε)W0.

The proof is completed. �
(c) We can derive the following using the formulas in Proposition 4.4.

n∑
k=0

Ŵ2k+1 =

n∑
k=0

W2k+1 + j

n∑
k=0

W2k+2 + ε

n∑
k=0

W2k+3 + jε

n∑
k=0

W2k+4.

n∑
k=0

Ŵ2k+1 =
1

18
W2(18n− 22n+3(2n+ 1) + 22n+5(2n− 1) + 40)− 1

18
W1(72n− 22n+3(6n+ 1)

+22n+5(6n− 5) + 150) +
1

9
W0(36n+ 22n+5(2n− 2)− 2× 22n+3n+ 64)

+j(
1

9
W0(36n− 22n+4(2n+ 1) + 22n+6(2n− 1) + 80)− 1

18
W1(72n− 22n+4(6n+ 4)

+22n+6(6n− 2) + 192) +
1

18
W2(18n− 22n+4(2n+ 2) + 2× 22n+6n+ 50))

+ε(
1

18
W2

(
(18n− 22n+5(2n+ 3) + 22n+7(2n+ 1) + 58

)
− 1

18
W1(72n+ 22n+7(6n+ 1)

−22n+5(6n+ 7) + 240) +
1

9
W0(36n− 22n+5(2n+ 2) + 2× 22n+7n+ 100))

+jε(
1

18
W2(18n− 22n+6(2n+ 4) + 22n+8(2n+ 2) + 50) +

1

9
W0(36n− 22n+6(2n+ 3)

+22n+8(2n+ 1) + 116)− 1

18
W1(72n+ 22n+8(6n+ 4)− 22n+6(6n+ 10) + 264)).
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n∑
k=0

Ŵ2k+1 = (
20

9
− 5

9
22n+2 + n+

1

3
22n+3n+

25

9
j − 1

9
22n+4j + jn+

1

3
22n+4jn+

29

9
ε+ nε+

1

9
22n+4ε

+
1

3
22n+5nε+

25

9
jε+

1

9
22n+7jε+ jnε+

1

3
22n+6jnε)W2

+(−25

3
+

7

3
22n+2 − 4n− 22n+3n+

1

3
22n+5j − 32

3
j − 4jn− 22n+4jn− 40

3
ε+

1

3
22n+4ε

−4nε− 22n+5nε− 4jnε− 44

3
jε− 1

3
22n+6jε− 22n+6jnε)W1

+(
64

9
− 1

9
22n+6 + 4n+

1

3
22n+4n+

80

9
j − 5

9
22n+4j + 4jn+

1

3
22n+5jn+

100

9
ε− 1

9
22n+6ε

+4nε+
1

3
22n+6nε+

116

9
jε+

1

9
22n+6jε+ 4jnε+

1

3
22n+7jnε)W0.

The proof is finished. �

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic Woodall
numbers:

Corollary 4.6. For n ≥ 0, dual hyperbolic modified Woodall numbers have the following properties:

(a)
∑n

k=0 Ĝk = 4+n+2n+1n−2n+2+j(5−5×2n+2+n+2n+4+2n+2n)+ε(5+n+2n+3n)+jε(1+2n+4+n+2n+4n).

(b)
∑n

k=0 Ĝ2k = 20
9
+ n+ 2

3
22n+2n+ 5

3
22n+2 − 5

9
22n+4 + j( 25

9
− 4

9
22n+2 + n+ 2

3
22n+3n) + ε( 29

9
+ n− 5

9
22n+4 +

1
3
22n+5 + 2

3
22n+4n) + jε( 25

9
+ n+ 8

9
22n+4 + 160

3
22nn− 22n+5n).

(c)
∑n

k=0 Ĝ2k+1 = 25
9
+n+ 2

3
22n+3n− 4

9
22n+2+j( 29

9
− 5

9
22n+4+ 1

3
22n+5+n+ 2

3
22n+4n)+ε( 25

9
+n+ 8

9
22n+4+ 2

3
22n+5

n) + jε(− 7
9
+ n− 1

3
22n+6 + 5

9
22n+7 + 2

3
22n+6n).

As a second special case of the above theorem, we have the following summation formulas for dual hyperbolic
modified Cullen numbers:

Corollary 4.7. For n ≥ 0, dual hyperbolic modified Cullen numbers have the following properties:

(a)
∑n

k=0 Ĥk = −1+n−6×2nn−3×2n+3+3×2n+1n+28×2n+j(−3−18×2n+2+5×2n+4+n−6×2n+1n+
3×2n+2n)+ε(−7+16×2n+2−3×2n+4+n−6×2n+2n+3×2n+3n)+jε(−15+2×2n+4+n−6×2n+3n+
3× 2n+4n).

(b)
∑n

k=0 Ĥ2k = 1
3
+ n − 22n+3n + 22n+3n + 14

3
22n+2 − 22n+4 + j(− 1

3
+ 20

3
22n+2 − 1

3
22n+6 + n − 22n+4n +

22n+4n)+ε(− 5
3
+n− 8

3
22n+4+ 5

3
22n+5−22n+5n+22n+5n)+ jε(− 13

3
+n+ 8

3
22n+4− 1

3
22n+6+96×22nn−

5× 22n+5n+ 22n+6n).

(c)
∑n

k=0 Ĥ2k+1 = − 1
3
+n−2×22n+3n+22n+4n+ 20

3
22n+2− 1

3
22n+6+ j(− 5

3
− 8

3
22n+4+ 5

3
22n+5+n−22n+5n+

22n+5n)+ε(− 13
3
+n+ 8

3
22n+4− 1

3
22n+6−22n+6n+22n+6n)+jε(− 29

3
+n− 4

3
22n+6+22n+7−22n+7n+22n+7n).

As a third special case of the above theorem, we have the following summation formulas for dual hyperbolic
Woodall numbers:

Corollary 4.8. For n ≥ 0, dual hyperbolic Woodall numbers have the following properties:

(a)
∑n

k=0 R̂k = 1− n+ 4× 2nn+ 2n+3 − 2n+1n− 10× 2n + j(1− 2n+4 + 2n+4 − n+ 2n+3n− 2n+2n) + ε(−1−
2n+3 + 2n+4 − n+ 2n+4n− 2n+3n) + jε(−9 + 2n+5 − n+ 2n+5n− 2n+4n).

(b)
∑n

k=0 R̂2k = − 1
9
− n+ 4

3
22n+2n− 1

3
22n+3n+ 26

9
22n+2 − 7

9
22n+4 + j( 1

9
− n− 14

9
22n+2 + 1

9
22n+6 + 4

3
22n+3n−

1
3
22n+4n) + ε(− 1

9
− n − 2

9
22n+4 + 1

3
22n+5 + 4

3
22n+4n − 1

3
22n+5n) + jε(− 17

9
− n + 10

9
22n+4 + 1

9
22n+6 +

224
3
22nn− 22n+5n− 1

3
22n+6n).

(c)
∑n

k=0 R̂2k+1 = 1
9
− n + 4

3
22n+3n − 1

3
22n+4n − 14

9
22n+2 + 1

9
22n+6 + j(− 1

9
+ 1

3
22n+5 − 2

9
22n+4 − n + 4

3
22n+4

n− 1
3
22n+5n)+ ε(− 17

9
−n+ 10

9
22n+4 + 1

9
22n+6 + 4

3
22n+5n− 1

3
22n+6n)+ jε(− 73

9
−n− 4

9
22n+6 + 7

9
22n+7 +

4
3
22n+6n− 1

3
22n+7n).
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As a fourth special case of the above theorem, we have the following summation formulas for dual hyperbolic
Cullen numbers:

Corollary 4.9. For n ≥ 0, dual hyperbolic Cullen numbers have the following properties.

(a)
∑n

k=0 Ĉk = 3 + n− 2n+3 + 2n+1n+ 6 × 2n + j(3 + n+ 2n+2n) + ε(1 + 2n+3 + n+ 2n+3n) + jε(−7 + 2n+5

+ n+ 2n+4n).

(b)
∑n

k=0 Ĉ2k = 17
9
+n+ 1

3
22n+3n− 2

9
22n+2 + j( 19

9
+n+ 1

9
22n+3 + 1

3
22n+4n)+ ε( 17

9
+n+ 4

9
22n+4 + 1

3
22n+5n)+

jε( 1
9
+ n+ 7

9
22n+5 + 1

3
22n+6n).

(c)
∑n

k=0 Ĉ2k+1 = 19
9
+n+ 1

3
22n+4n+ 1

9
22n+3+ j( 17

9
+ 4

9
22n+4+n+ 1

3
22n+5n)+ ε( 1

9
+n+ 7

9
22n+5+ 1

3
22n+6n)+

jε(− 55
9
+ n+ 5

9
22n+7 + 1

3
22n+7n).

We next introduce the formulas which give the summation of the dual hyperbolic generalized Woodall numbers
with negative subscripts in the following theorem.

Theorem 4.10. For n ≥ 0, dual hyperbolic generalized Woodall numbers have the following formulas:

(a)
∑n

k=0 Ŵ−k = (−2 + 2
2n
− 3j + n− 3ε+ 3

2n
j + 1

2×2n
n+ jn+ 4

2n
ε+ jε+ nε+ 1

2n
jn+ 4

2n
jε+ 2

2n
nε+ jnε+

4
2n
jnε)W2+(7− 7

2n
+12j−4n+16ε− 11

2n
j− 3

2×2n
n−4jn− 16

2n
ε+12jε−4nε− 3

2n
jn− 20

2n
jε− 6

2n
nε−4jnε−

12
2n
jnε)W1 +(−4+ 5

2n
− 8j+4n− 12ε+ 8

2n
j+ 1

2n
n+4jn+ 12

2n
ε− 12jε+4nε+ 2

2n
jn+ 16

2n
jε+ 4

2n
nε+4jn

ε+ 8
2n
jnε)W0.

(b)
∑n

k=0 Ŵ−2k = (− 7
9
+ 7

9×22n
− 11

9
j+n− 7

9
ε+ 11

9×22n
j+ 1

3×22n
n+ jn+ 16

9×22n
ε+ 25

9
jε+nε+ 2

3×22n
jn+ 20

9×22n

jε + 4
3×22n

nε + jnε + 8
3×22n

jnε)W2 + ( 8
3
− 8

3×22n
+ 16

3
j − 4n + 20

3
ε − 13

3×22n
j − 1

22n
n − 4jn − 20

3×22n

ε+ 4
3
jε−4nε− 2

22n
jn− 28

3×22n
jε− 4

22n
nε−4jnε− 8

22n
jnε)W1+(− 8

9
+ 17

9×22n
− 28

9
j+4n− 44

9
ε+ 28

9×22n
j+

2
3×22n

n+ 4jn+ 44
9×22n

ε− 28
9
jε+ 4nε+ 4

3×22n
jn+ 64

9×22n
jε+ 8

3×22n
nε+ 4jnε+ 16

3×22n
jnε)W0.

(c)
∑n

k=0 Ŵ−2k+1 = (− 11
9
+ 11

9×22n
− 7

9
j + n+ 25

9
ε+ 16

9×22n
j + 2

3×22n
n+ jn+ 20

9×22n
ε+ 137

9
jε+ nε+ 4

3×22n
jn+

16
9×22n

jε+ 8
3×22n

nε+ jnε+ 16
3×22n

jnε)W2+( 16
3
− 13

3×22n
+ 20

3
j−4n+ 4

3
ε− 20

3×22n
j− 2

22n
n−4jn− 28

3×22n
ε−

76
3
jε− 4nε− 4

22n
jn− 32

3×22n
jε− 8

22n
nε− 4jnε− 16

22n
jnε)W1 +(− 28

9
+ 28

9×22n
− 44

9
j+4n− 28

9
ε+ 44

9×22n
j+

4
3×22n

n+ 4jn+ 64
9×22n

ε+ 100
9
jε+ 4nε+ 8

3×22n
jn+ 80

9×22n
jε+ 16

3×22n
nε+ 4jnε+ 32

3×22n
jnε)W0.

Proof. Proof can be obtained by using Proposition 4.3.

(a) We can derive the following using the formulas in Proposition 4.3.
n∑

k=0

Ŵ−k =

n∑
k=0

W−k + j

n∑
k=0

W−k+1 + ε

n∑
k=0

W−k+2 + jε

n∑
k=0

W−k+3.

n∑
k=0

Ŵ−k.

n∑
k=0

Ŵ−k = 4W0(n+
1

2n+1
(n+ 4)− 1

2n+2
(n+ 3)− 1) + 2W1(

1

2n+2
(3n+ 8)− 2n− 1

2n+1
(3n+ 11) +

7

2
)

+2W2(
1

2
n+

1

2n+1
(n+ 3)− 1

2n+2
(n+ 2)− 1)

+j(2W2(
1

2
n+

1

2n
(n+ 2)− 1

2n+1
(n+ 1)− 3

2
) + 4W0(n+

1

2n
(n+ 3)− 1

2n+1
(n+ 2)− 2)

+2W1(
1

2n+1
(3n+ 5)− 2n− 1

2n
(3n+ 8) + 6))

+ε(2W2(
1

2
n+ 21−n(n+ 1)− 1

2n
n− 3

2
) + 4W0(n−

1

2n
(n+ 1) + 21−n(n+ 2)− 3)

−2W1(2n+ 21−n(3n+ 5)− 1

2n
(3n+ 2)− 8))

+jε(2W2(
1

2
n+ 22−nn− 21−n(n− 1) +

1

2
) + 2W1(2

1−n(3n− 1)− 2n− 22−n(3n+ 2) + 6)

+4W0(n− 21−nn+ 22−n(n+ 1)− 3)).
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n∑
k=0

Ŵ−k = (−2 + 2

2n
− 3j + n− 3ε+

3

2n
j +

1

2× 2n
n+ jn+

4

2n
ε+ jε+ nε+

1

2n
jn+

4

2n
jε+

2

2n
nε

+jnε+
4

2n
jnε)W2

+(7− 7

2n
+ 12j − 4n+ 16ε− 11

2n
j − 3

2× 2n
n− 4jn− 16

2n
ε+ 12jε− 4nε− 3

2n
jn− 20

2n
jε

− 6

2n
nε− 4jnε− 12

2n
jnε)W1

+(−4 + 5

2n
− 8j + 4n− 12ε+

8

2n
j +

1

2n
n+ 4jn+

12

2n
ε− 12jε+ 4nε+

2

2n
jn+

16

2n
jε

+
4

2n
nε+ 4jnε+

8

2n
jnε)W0.

This proves (a). We can be prove (b) and (c) similarly way using Proposition 4.4. �

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic modified
Woodall numbers:

Corollary 4.11. For n ≥ 0, dual hyperbolic modified Woodall numbers have the following properties:

(a)
∑n

k=0 Ĝ−k = −3 + n+ n+3
2n

+ j(−3 + n+ 2n+4
2n

) + ε(1 + n+ 4+4n
2n

) + jε(17 + n+ 8
2n
n).

(b)
∑n

k=0 Ĝ−2k = − 11
9
+ n+ 11+6n

9×22n
+ j(− 7

9
+ n+ 16+12n

9×22n
) + ε( 25

9
+ n+ 20+24n

9×22n
) + jε( 137

9
+ n+ 16+48n

9×22n
).

(c)
∑n

k=0 Ĝ−2k+1 = − 7
9
+ n+ 16+12n

9×22n
+ j( 25

9
+ n+ 20+24n

9×22n
) + ε( 137

9
+ 16+48n

9×22n
+ n) + jε( 457

9
+ n+ −16+96n

9×22n
).

As a second special case of the above theorem, we have the following summation formulas for dual hyperbolic
modified Cullen numbers:

Corollary 4.12. For n ≥ 0, dual hyperbolic modified Cullen numbers have the following properties:

(a)
∑n

k=0 Ĥ−k = 5 + n− 2
2n

+ j(9− 4
2n

+ n) + ε(17− 8
2n

+ n) + jε(33− 16
2n

+ n).

(b)
∑n

k=0 Ĥ−2k = 11
3
+ n− 2

3×22n
+ j( 19

3
− 4

3×22n
+ n) + ε( 35

3
− 8

3×22n
+ n) + jε( 67

3
− 16

3×22n
+ n).

(c)
∑n

k=0 Ĥ−2k+1 = 19
3
+ n− 4

3×22n
+ j( 35

3
− 8

3×22n
+ n) + ε( 67

3
− 16

3×22n
+ n) + jε( 131

3
− 32

3×22n
+ n).

As a third special case of the above theorem, we have the following summation formulas for dual hyperbolic
Woodall numbers:

Corollary 4.13. For n ≥ 0, dual hyperbolic Woodall numbers have the following properties:

(a)
∑n

k=0 R̂−k = −3− n+ 2+n
2n

+ j(−1− n+ 2+2n
2n

) + ε(7− n+ 4
2n
n) + jε(31− 8

2n
− n+ 8

2n
n).

(b)
∑n

k=0 R̂−2k = − 17
9
− n+ 8+6n

9×22n
+ j(− 1

9
− n+ 10+12n

9×22n
) + ε( 55

9
− n+ 8+24n

9×22n
) + jε( 215

9
− n+ −8+48n

9×22n
).

(c)
∑n

k=0 R̂−2k+1 = − 1
9
− n+ 10+12n

9×22n
+ j( 55

9
− n+ 8+24n

9×22n
) + ε( 215

9
− n+ −8+48n

9×22n
) + jε( 631

9
− n+ −64+96n

9×22n
).

As a fourth special case of the above theorem, we have the following summation formulas for dual hyperbolic
Cullen numbers:

Corollary 4.14. For n ≥ 0, dual hyperbolic Cullen numbers have the following properties:

(a)
∑n

k=0 Ĉ−k = −1 + n+ 2+n
2n

+ j(1 + 2+2n
2n

+ n) + ε(9 + n+ 4
2n
n) + jε(33 + n+ −8+8n

2n
).

(b)
∑n

k=0 Ĉ−2k = 1
9
+ n+ 8+6n

9×22n
+ j( 17

9
+ 10+12n

9×22n
+ n) + ε( 73

9
+ 8+24n

9×22n
+ n) + jε( 233

9
− 8−48n

9×22n
+ n).

(c)
∑n

k=0 Ĉ−2k+1 = 17
9
+ n+ 10+12n

9×22n
+ j( 73

9
+ 8+24n

9×22n
+ n) + ε( 233

9
− 8−48n

9×22n
+ n) + jε( 649

9
− 64−96n

9×22n
+ n).
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5 MATRICES RELATED WITH DUAL HYPERBOLIC GENERALIZED WOODALL
NUMBERS

In this section, we give matrices related with dual hyperbolic generalized Woodall numbers.
Now, we recall {Gn} defined by the third-order recurrence relation as follows

Gn = 5Gn−1 − 8Gn−2 + 4Gn−3 with the initial conditions G0 = 0, G1 = 1, G2 = 5.

We present the square matrix A of order 3 as

A =

 5 −8 4
1 0 0
0 1 0


such that detA = 1. Then, we give the following Lemma.

Lemma 5.1. For all integers n the following identity is true. Ŵn+2

Ŵn+1

Ŵn

 =

 5 −8 4
1 0 0
0 1 0

n
 Ŵ2

Ŵ1

Ŵ0

 .

Proof. First, we suppose that n ≥ 0. Lemma (5.1) can be given by mathematical induction on n. If n = 0 we get Ŵ2

Ŵ1

Ŵ0

 =

 5 −8 4
1 0 0
0 1 0

0
 Ŵ2

Ŵ1

Ŵ0


which is true. We assume that the identity given holds for n = k. Thus the following identity is true. Ŵk+2

Ŵk+1

Ŵk

 =

 5 −8 4
1 0 0
0 1 0

k
 Ŵ2

Ŵ1

Ŵ0


For n = k + 1, we get

 5 −8 4
1 0 0
0 1 0

k+1
 Ŵ2

Ŵ1

Ŵ0

 =

 5 −8 4
1 0 0
0 1 0

 5 −8 4
1 0 0
0 1 0

k
 Ŵ2

Ŵ1

Ŵ0


=

 5 −8 4
1 0 0
0 1 0


 Ŵk+2

Ŵk+1

Ŵk


=

 5Ŵk+2 − 8Ŵk+1 + 4Ŵk

Ŵk+2

Ŵk+1


=

 Ŵk+3

Ŵk+2

Ŵk+1

 .

If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical induction on n, the proof
is completed. �
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Note that

An =

 Gn+1 −8Gn + 4Gn−1 4Gn

Gn −8Gn−1 + 4Gn−2 4Gn−1

Gn−1 −8Gn−2 + 4Gn−3 4Gn−2


For the proof see [(Soykan, 2020)].

Theorem 5.2. If we define the matrices NŴ and EŴ as follow.

NŴ =

 Ŵ2 Ŵ1 Ŵ0

Ŵ1 Ŵ0 Ŵ−1

Ŵ0 Ŵ−1 Ŵ−2

 , EŴ =

 Ŵn+2 Ŵn+1 Ŵn

Ŵn+1 Ŵn Ŵn−1

Ŵn Ŵn−1 Ŵn−2

 .

then the following identity is true:

AnNŴ = EŴ .

Proof. We can use the following identities for the proof.

AnNŴ =

 Gn+1 −8Gn + 4Gn−1 4Gn

Gn −8Gn−1 + 4Gn−2 4Gn−1

Gn−1 −8Gn−2 + 4Gn−3 4Gn−2


 Ŵ2 Ŵ1 Ŵ0

Ŵ1 Ŵ0 Ŵ−1

Ŵ0 Ŵ−1 Ŵ−2

 ,

=

 b11 b12 b13
b21 b22 b23
b31 b32 b33


where

b11 = Ŵ2Gn+1 + Ŵ1 (−8Gn + 4Gn−1) + Ŵ04Gn,

b12 = Ŵ1Gn+1 + Ŵ0 (−8Gn + 4Gn−1) + Ŵ−14Gn,

b13 = Ŵ0Gn+1 + Ŵ−1 (−8Gn + 4Gn−1) + Ŵ−24Gn,

b21 = Ŵ2Gn + Ŵ1 (−8Gn + 4Gn−1) + Ŵ04Gn−1,

b22 = Ŵ1Gn + Ŵ0 (−8Gn + 4Gn−1) + Ŵ−14Gn−1,

b23 = Ŵ0Gn + Ŵ−1 (−8Gn + 4Gn−1) + Ŵ−24Gn−1,

b31 = Ŵ2Gn−1 + Ŵ1 (−8Gn + 4Gn−1) + Ŵ04Gn−2,

b32 = Ŵ1Gn−1 + Ŵ0 (−8Gn + 4Gn−1) + Ŵ−14Gn−2,

b33 = Ŵ0Gn−1 + Ŵ−1 (−8Gn + 4Gn−1) + Ŵ−24Gn−2,

Using the Theorem (3.13) the proof is done.
�

From Theorem (5.2), we can write the following corollary.

Corollary 5.3. We have the following identity.

(a) If we define NĜ and EĜ as follows.

NĜ =

 Ĝ2 Ĝ1 Ĝ0

Ĝ1 Ĝ0 Ĝ−1

Ĝ0 Ĝ−1 Ĝ−2

 , EĜ =

 Ĝn+2 Ĝn+1 Ĝn

Ĝn+1 Ĝn Ĝn−1

Ĝn Ĝn−1 Ĝn−2

 ,
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then we get

AnNĜ = EĜ.

(b) If we define NĤ and EĤ as follows.

NĤ =

 Ĥ2 Ĥ1 Ĥ0

Ĥ1 Ĥ0 Ĥ−1

Ĥ0 Ĥ−1 Ĥ−2

 , EĤ =

 Ĥn+2 Ĥn+1 Ĥn

Ĥn+1 Ĥn Ĥn−1

Ĥn Ĥn−1 Ĥn−2

 ,

then we get

AnNĤ = EĤ .

(c) If we define NR̂ and ER̂ as follows.

NR̂ =

 R̂2 R̂1 R̂0

R̂1 R̂0 R̂−1

R̂0 R̂−1 R̂−2

 , ER̂ =

 R̂n+2 R̂n+1 R̂n

R̂n+1 R̂n R̂n−1

R̂n R̂n−1 R̂n−2

 .

then we get

AnNR̂ = ER̂.

(d) If we define NĈ and EĈ as follows.

NĈ =

 Ĉ2 Ĉ1 Ĉ0

Ĉ1 Ĉ0 Ĉ−1

Ĉ0 Ĉ−1 Ĉ−2

 , EĈ =

 Ĉn+2 Ĉn+1 Ĉn

Ĉn+1 Ĉn Ĉn−1

Ĉn Ĉn−1 Ĉn−2

 ,

then we get
AnNĈ = EĈ .

6 CONCLUSION

In the literature, there have been numerous studies
on sequences of numbers, which have found wide
applications in various research fields including,
engineering, physics, architecture, nature, and art. In
this work, we introduce the concept of dual hyperbolic
generalized Woodall sequences and focus on four
specific cases: dual hyperbolic modified Woodall
numbers, dual hyperbolic modified Cullen numbers,
dual hyperbolic Woodall numbers and dual hyperbolic
Cullen numbers.

• In section 1, we present infprmation on the
application areas of hypercomplex number
systems in physics and engineering fields. Also,
we give some properties about generalized
Woodall numbers.

• In section 2, we define dual hyperbolic
generalized Woodall numbers then using this

definition, we present generating functions and
Binet’s formula of dual hyperbolic generalized
Woodall numbers.

• In section 3, we give certain distinctive identities
for the dual hyperbolic generalized Woodall
sequence {Ŵn} that named Simpson’s formula,
Catalan’s identity and Cassani’s identity.

• In section 4, we present summation formulas for
dual hyperbolic generalized Woodall numbers,
which encompass both positive and negative
subscripts.

• In section 5, we give some matrices related to
dual hyperbolic Woodall numbers.
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